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ABSTRACT 

Prom Superalgebras to Superparticles and 
Super branes. (May 2001) 
Igor V. Rudychev, B.S., Kharkov State University 
Chair of Advisory Committee: Dr. E. Sezgin 

In this work I investigate connections between superalgebras and their reahzations in 
terms of particles, branes and field theory models. I start from Poincare superalgebras 
with brane charges and study its representations. The existence of new supermultiplets 
in different dimensions including an ultra short supermultiplet in D=ll different from the 
supergravity multiplet is shown. Generalizations of superalgebras containing brane charges, 
including those in D>11 are considered. The realization of these algebras at the level of 
relativistic particle models and, upon quantization, at the level of field theory is presented. 
Application of Hamiltonian/BRST methods of quantization of systems with mixture of 
first and second class constraints as well as a conversion method are discussed for the 
models of interest. Using quantization of particle mechanics we obtain information on the 
spectrum and linearized equations of motion of the perturbative, linearized M-theory. The 
generalization of particle models to p-branes is made using a geometrical formulation of 
superembedding approach to study the example of L-branes which have a linear multiplet 
on their worldvolume. The p-branes and strings in B-field are considered as well as the 
origin of noncommutativity and non-associativity in their low-energy limit. It is shown that 
the apphcation of Hamiltonian/BRST methods for those models leads to stringy version 
of Seiberg-Witten map and the removal of the non-associativity /noncommutativity. 
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CHAPTER I 
INTRODUCTION 

Supersymmetry plays an important role in modern physics. Starting from the early 70's, 
the importance of supersymmetry became clear not only in field theory but also in super- 
string models. During the last century, physicists tried to answer the question of how to 
unify all possible interactions in Nature. The main problem is how to reconcile quantum 

mechanics with gravity. A remarkable answer to this question comes from string theory. 
In string theory, one does not have point-like particles as fundamental objects but rather 
extended objects called strings. Strings could be open as well as closed and the vibrational 
modes of the string correspond to particles. 

The consistent string theory without a tachyon has to be supersymmetric and exists in ten 
dimensions. The low energy limit of superstring theory gives ten-dimensional supergravities 
that are supersymmetric field theories. 

As far as unification is concerned, the problem with superstring theory is that it is not 
unique. There are five consistent superstring theories. The existence of their duality 
symmetries in different dimensions and the properties of their brane solitons suggest the 
existence of M-theory which unifies all five string theories. In particular M-theory contains 
strongly coupled limit of Type IIA string which lives in eleven dimensions. Moreover, 
M-theory has the eleven dimensional supergravity as its low energy limit and it also has 
nonperturbative excitations in its spectrum such as membranes and fivebranes. 

In this thesis we investigate how supersymmetry could be used to study properties of 
M-theory. In particular, we will start from the properties of superalgebras with brane 
charges. We know that important information about M-theory is encoded in the M-theory 
superalgebra, which is the eleven dimensional Poincare superalgebra with membrane and 
fivebrane charges. In this work we investigate various aspects of this algebra including 
its representations. We also consider its realization in terms of superparticle that lives in 
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an extended supermanifold. This supermanifold is parametrized by ordinary superspace 
coordinates together with additional tensorial coordinates which are in one-to-one corre- 
spondence with brane charges. Upon quantization of the superparticle model we obtain the 
spectrum and the linearized equations of motion of supcrsymmetric field theory. Super- 
symetry transformations of this field theory are generated by the M-theory superalgebra. 

In other part of this work we study superbranes using superembedding approach where 
both worldvolume and target space are supermanifolds. Using this approach we investigate 
properties of a class of p-branes called L-branes which have linear multiplets on their 
worldvolume. Then we discuss various aspects of noncommutative geometry in strings and 
p-branes in external fields. 

In the rest of the introduction we will outline the main ideas of our thesis in more detail. 
We begin with the discussion of the relevant superalgebras. The simplest superalgebra in 
D — A with AN supercharges is given by 



where Ql^, i — 1, N is a supercharge and Pm is momentum. It is possible to extend this 
superalgebra. One of the possible extensions of (1.1) is obtained by adding all symmetric 

in (ai), {j3j) combinations of 7-matrices together with SO{N) invariant tensors. This leads 
to the appearance of central charges. Central charges commute with every other generator 
of the superalgebra. The superalgebra with central charges is given by 



where V^^ and C/*^ are central charges. They are antisymmetric 'm.i,j indices and singlets 
in respect to the Lorentz group. The representations of the superalgebra with central 
charges (1.2) are well studied. All of them are massive. This follows from the positive 
energy theorem. The shortening of a multiplet occurs when central charges take particular 
values. Those shortened multiplets could be interpreted as BPS multiplets [1]. In [2] and 
[3] higher-dimensional origin of central charges was discussed. 




(1.2) 
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Another possible extension of super Poincare superalgebra is given by adding tensorial 
central charges. The tensorial central charges are not singlets under Lorentz rotation. They 
commute with everything, except generators of Lorentz rotations M^„. This extension does 
not contradict the theorem by Haag, Lopuszanski and Sohnius because tensorial charges 
are non-singlets under Lorentz rotations. To be precise, it is not quite correct to call 
them central because they do not commute with M^n. Wc would rather use the term 
brane-charges. The four- dimensional A'" = 1 superalgebra with brane charges is 

{Qa, Qp) = {l'^)apPm + {T'')apZmn, (1-3) 
[Qa, Zmn] — 0, [Zmm Z^p] — 0, (1-4) 

where Z^n brane-charges and they commute with all generators except M^„. 

In [4] it was shown that the brane charges could be interpreted nonperturbatively as inte- 
grals over the brane worldvolume. The brane charges carry an information about nonper- 
turbative part of the theory. And they give a rise to existence of p-branes. 

In four dimensional case Z^n corresponds to the integral of the membrane current. There- 
fore we call it membrane charge. The superalgebra already defines not only perturbative 
but also nonperturbative extended objects. The extended objects, such as p-branes, belong 
to the nonperturbative spectrum of the theory. Another way to explore the properties of 
the brane-charges is to start from correspondent Osp superalgebra. Then, contraction with 
non-zero brane-charge generators gives extended Poincare superalgebra. 

So far, we have discussed only nonperturbative interpretation of the brane-charges. In 
this work we will consider perturbative interpretation. We will show existence of massless 
representations of the superalgebra with brane-charges. If central charges are singlets 
superalgebra has only massive irreps. It follows from positive energy theorem. All branes, 
we discussed so far, are massive extended object. That means, they can not be used 
for description of massless multiplets. We are going to discuss superparticle and field- 
theoretical realization of massless supermultiplets. 
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Superalgebra is a useful tool for studying properties of new theories. For example, prop- 
erties of eleven dimensional superalgebra with brane charges gives an information about 
M-theory [2] . We have a few tools to study M-theory and the superalgebra is one of them. 
One more intriguing extension of Poincare superalgebra could be obtained by introduction 

of tensorial charges with spinorial indices. It leads to the M- algebra [5]. In this case the 
superalgebra with new fermionic generators in ten dimensions is [6] 

{Qa, Qp} = {l"'UPm, [Pm, Qa] = -(7")a/3^^ (1-5) 

where is a new fermionic generator. It has an interpretation in terms of new string 
formulation given by Siegel in [7]. The superalgebra (1.5) could be hfted up to eleven 
dimensions. In D = 11 it forms the M-algebra constructed in [5]. The M-algebra con- 
tains the following generators. Pm, Qa, Zm, Zmn, -^mi,...,m6 which correspond to brane- 
charge extended Poincare superalgebra in eleven dimensions, and Za, Z^a, Zaj3, Zmi,...,mia, 

Zirii,...,m3af3 , Zmim'zceP'y, 

Zma/s-yS, Zai,...,aB which are new and have nontrivial commutation relations [5]. 

There is another interesting problem that could be solved by using properties of superalge- 
bras. It is a unification of type IIA/B heterotic string theories in the context of M-theory. 

The web of S and T dualities allows to connect type IIA and type IIB theories in less 
then ten dimensions. One can call it a low-dimensional unification. On the other hand 
M-theory lives in eleven dimensions. It unifies five string theories indirectly by going to 
low dimensions. Is it possible to obtain connection between all string theories directly in 
ten dimensions? 

On the level of supcralgebras it is possible to obtain type IIA/IIB, heterotic supcralgebras 
from the theory in higher dimensions. Then compactification gives all ten-dimensional 
super algebras. The M-theory algebra does not do this. The M-theory compactifications 
give type IIA but not IIB in ten dimensions. Is it possible to go beyond eleven dimen- 
sions? This question was discussed in [8]. In the next chapter we will show that in twelve 
dimensions such a unification is indeed possible. 

Let us return to the discussion of supcralgebras with brane charges and their representa- 
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tions. Supersymmetry algebras with central charges are playing one of the central roles in 
string theory and supergravity. The very existence of the extended objects such as p-branes 
is due to tensorial central charge extension of the superalgebras in different dimensions. 
Even properties of M-theory could be defined from eleven-dimensional superalgebra with 
brane charges [2]. There are two classes of central charges in supersymmetric theories. 
First one includes the central charges which are Lorentz singlets. Massive representations 
of those central extended superalgebras were studied in [9]. They could be interpreted 
through presence of the soliton-like objects in the theory [1]. They could be also used in 
some supersymmetric Lagrangians [10] and in some particular realizations of supermulti- 
plets [11], [12]. Central charges play crucial role in spontaneously broken Yang-Mills theory 
[10] and also in building of shell supergravities [13], [14]. 

The second class includes charges that are not Lorentz singlets but rather transform as 
tensors under Lorentz rotation. They commute with the rest of the generators. Tensorial 
central charges do not arise in superalgebras considered by Haag,Lopuszanski and Sohnius 
[15]. They were introduced in [4] as p-brane charges. Representations of the superalgebra 
with tensorial central charges were studied much less intensively then the ones with singlet 
central charges. Recently, representations were studied in [16] and the N — 1, D — A 
case was considered in [17]. Other applications of brane charges as well as extensions of 
different superalgebras involving brane charges were investigated in [18], [19], [20]. 

In this work we consider a different interpretation of the tensorial central charges. We 
associate them perturbatively with extra coordinates of a particle in an extended super- 
space. Superparticle with central charge coordinates was considered before in [21]. The 
quantization in the massless case ior D — A N — 1 was presented in [22]. In this models 
the particle lives on a supermanifold parametrized by usual coordinates and by twistor 
variables associated with p-form charges. The quantization in the massless case is claimed 
to give rise to an infinite number of states of arbitrary spin [22] . The ordinary N-extended 
version of the spinning particle [23] describes higher spin particle but the number of such 
states is finite. 

So far our analysis covered only particles in Minkowski space-time. Particle models and 
their quantization in AdS spaces have attracted a lot of attention recently, especially in the 
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context of AdS/CFT correspondence. The bosonic massive particle in AdS^ was quantized 
in [24] . Only recently, generalization of the light cone approach to AdS spaces was applied 
to the quantization of superparticle in AdS background [25] . 

There is one more interesting observation: if one considers masslcss multiplets of Poincare 
superalgebra with tensorial central charges, then it is possible to obtain multiplet shorten- 
ing. This could be explained as follows. When tensorial central charges take some particular 
value the number of creation and annihilation supercharges is reduced. It means that in 
four dimensions there is a massless multiplet shorter then the N — 1 Wess-Zumino multi- 
plet. In eleven dimensions there are supermultiplets different from supergravity multiplet. 
This result will be explained in Chapter 2. 

Superalgebra with brane charges has massless BPS representations. They could be associ- 
ated with massive non-perturbative objects. The example of massive case and application 
of brane-charges in construction of eleven-dimensional preons is given in [26] . 

The superalgebra with brane charges also has massless supermultiplets. How do we inter- 
pret massless multiplets from field theory point of view? One way is to use the analogy 
with the ordinary superparticle/field theory correspondence. Let us consider an example 
in eleven dimensions. The spectrum and the linearized equations of motion of eleven di- 
mensional supergravity could be obtained from quantization of the superparticle model. 
The superparticle model realizes eleven-dimensional Poincare superalgebra without brane- 
charges. The quantization of ordinary Brink- Schwarz superparticle in eleven dimensions 
gives linearized equations of motion and spectrum of an eleven-dimensional supergrav- 
ity. For the case of superparticle with brane charge coordinates, the quantization should 
give supersymmetric field theory. The supersymmetry of this field theory is generated 
by M-thcory superalgebra. One can argue that this field theory could be associated with 
linearized perturbative M-theory. 

In this work we mostly concentrate on massless representations. If one is interested in BPS 
states [26] the situation is quite different. Here we will briefiy describe the approach of [26], 
which considered BPS states, and compare it with our interpretation. Prom BPS-states 
point of view, states are interpreted as extended objects, i.e. p-branes. Moreover if one 
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has zero in the right-hand side of the anticommutator of two supercharges, then super- 
symmetry is not broken, and if the right-hand side is not zero, then supersymmetry is 
broken. For example if only one of all supercharges anticommutes non-trivially (i.e. gives 
zero), then only one supersymmetry is broken. In [26] those states are called preons. It 
is also possible to show at the level of superalgebra that all other BPS states in eleven 
dimensions including membrane and five-brane could be obtained from preons. It is not 
clear yet what these preons are, and whether they correspond to extended objects or parti- 
cles. It is important to understand how bound states of preons can create membranes and 
fivebranes. In our approach, we interpret the massless as well as massive states from pure 
field-theoretical/particle point of view. Therefore, if one has only one non-trivially anti- 
commuting supercharge, then one uses it to built states starting from lowest weight state. 
This supercharge is a creation operator. We see the major difference in two approaches. 
In the case of BPS states one has only one broken supersymmetry and the rest are unbro- 
ken. In the case of field-theoretical description, we have only one nontrivial supercharge 
that could be interpreted as a creation generator and the rest of the supercharges trivially 
anticommute and therefore their action on vacuum states does not give new physical states. 

We conclude this introduction by briefly mentioning the other topics covered in the disser- 
tation. 

In Chapter 2, we study representations of Poincare superalgebra with brane charges. We 
also discuss superalgebras with brane charges in D>11. On the level of superalgebras, we 
investigate the higher dimensional origin of Type IIA/B, heterotic unification. 

In Chapter 3, we investigate the realizations of the superalgebras with brane charges in 
terms of super particles and superstrings. We also present the realizations of superalgebras 
in D>11 in terms of multi-particle and string models. 

In Chapter 4, we study the quantization of superparticles with brane-charge coordinates 
in twistorial form. We start from applying BRST/Hamiltonian methods for the bosonic 
case.In the process of quantization BRST/Hamiltonian methods are playing important role. 
In this work we show that problem of mixture of first and second class constraints could 
be resolved using conversion procedure even for complicated systems of massless/massive 
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superparticles with brane charge coordinates. 

In Chapter 5, we consider higher p-branes models. We start from applying superembedding 
approach to construct equations of motion and action of new class of branes, called L- 
branes. L-branes have linear multiplet on world-volume which includes higher p-forms. 
We present Born-Infeld type action for the higher p-forms. This example could be also 
important from point of view of nonlinear dualization of higher p-forms. In the end of this 
chapter we show that BRST/Hamiltonian methods are useful for studying properties of 
strings and branes in background fields. We apply Hamiltonian formalism for the string in 
constant as well as variable B-field. It leads to new methods to study noncommutativity 
for strings in B-field and membrane in constant C-field. We also consider higher rank 
p-branes. ERST/ conversion methods help us to study stringy origin of Seiberg-Witten 
map between noncommutative/ordinary theory that appears in the low energy limit of 
open string/membrane. We also show that starting from string/membrane Hamiltonian 
analysis it is possible to remove noncommutativity/non-associativity. 
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CHAPTER II 

SUPERALGEBRAS 
A. New massless representations of Poinceire superalgebra with brane chcirges 

In this section we study massless representations of the supersymmetry algebra with brane 
charges. We start from D — 4, N — 1 and then generahze our result to eleven dimensions 
[27]. 

In arbitrary dimensions, superalgebra with brane charges is given by 

{Qa: Q/s} = Zal3: (2.1) 

where a, (3 — l,...,n and Zq,^ is given by decomposition in terms of all symmetric 7- 
matrices. Using GL{n,R) rotations, it is possible to bring Zap to diagonal form (see for 
example [26], [28]) 

Zap = diag{ci, ...c^, 0, 0). (2.2) 

For different values of s one has different number of the nontrivial supercharges. We 
incorporate GL{n, R) rotations in generalization of Wigner method for the superalgebras 
with brane charges. In generalized Wigner method we choose generalized Little group 
not as subgroup of SO{n,l) but as subgroup of GL{n,R). The nontrivial part of the 
superalgebra could be represented as Clifford algebra. Then, one decomposes the remained 
supercharge operators into creation and annihilation operators. Surprisingly, it is possible, 
by fixing some particular GL{n, R) rotation, to have only one nontrivial creation operator. 
This analysis is aplycd for massive as well as massless representations. The difference with 
analysis of [26] is that they considered only massive BPS states. Those BPS states break 
fraction of the supersymmetry and the number of non trivially commuting supercharges 
corresponds to the number of broken supersymmetries. In applying Wigner method to 
massless representations the situation is different. The number of non trivially commuting 
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supercharges corresponds to the number of annihilation and creation operators, therefore, 
connected to the length of the supermultiplet. It is more convenient to consider some 
particular examples. 

In four dimensions = 1 superalgebra is 

{Qa, Q/s} — Zap- (2.3) 

The decomposition of Zap in the basis of 7 matrices is taking the following form 

Zap = (7^)a/3^M + iYlapZ^.^- (2-4) 

As it was mentioned before, we use a generalization of the Wigner method. Instead of 
defining little group generators, we use matrices Tap, that are the elements of GL{A,R). 
This group is the automorphysm group of the (2.3). Then, Zap could be diagonalize using 
subgroup of GL{4:,R) rotations. It could be done in the similar way, comparing to the 
situation when one chooses form of momentum invariant under transformations of the 
little group. In this case Zap is taking the form 

Zap = diag{ci, C2, 0, 0). (2.5) 

Superalgebra (2.3) is 

{Qi, Qj} = diag{ci, C2), (2.6) 

where i,j — 1,2 and the rest of the supersymmetry generators anticommute. Moreover, 
it is possible to have GL{A, R) rotation that gives C2 = 0. In this case there is additional 
multiplet shortenning. 

Applying Wigner method to derive massless representations of superalgebra without brane- 
charges, one ends up with two nontrivial supersymmetry generators. One of them is 
interpreted as creation and another one as annihilation operators 
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Qi\ >o= I >i/2 ■ (2.7) 

If brane charges are present and C2 = then the number of generators is reduced by two. 
The similar effect happens in eleven domensions. 

To study representations of this superalgebra let us first investigate Casimir operators. It 
is possible to impose covariant condition on Zap such as 

= 0. (2.8) 

This particular choice will be explained later from point of view of the field theory, which 
realizes this representation. It is necessary to mention, that even without refering to 
particle model it is interesting to look for subclass of all representations generated by the 
condition (2.8). The equation (2.8) is generalized masslessness condition. The mass-shell 
condition = is also imposed, because we are interested in massless representations. 

To find solution of the (2.8) let us apply (2.4) 

{P^P^) - 2(Z^,Z^'^) = 0, (2.9) 

e'^'^'^'Z^^Zxp = 0, (2.10) 

^i^-^pp^Zxp = 0. (2.11) 

We see that in the general case the mass is proportional to central charge. Conditions 
(2.9), (2.10) and (2.11) could be solved as 

Z^, = P^K,-P,K^, (2.12) 



{P-Kf ^P''{K^ -I), 



(2.13) 
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and in general case P and K do not have to be orthogonal. For massless representations 
(2.13) reduces to P^K^^ — 0. It is possible to interpret equation (2.12) from two points of 
view. In first one we represent Z, P, K not as operators but rather as eigenvalues of those 
operators on physical states. The second point of view states that the decomposition (2.12) 
could be understood literally. In this case we have finite dimensional nonlinear deformed 
superalgebra with generators P and K. The interpretation in terms of non-linear deformed 
superalgebras is very interesting possibility and needs further investigation. The examples 
of finite-dimensional nonlinear deformed superalgebras were considered before in [21], [29], 
[30] for the case of particle and string models. They also we studied in context of the 
unification of type IIA and type IIB superalgebras in higher dimensions. 

Using the information given above the equation (2.6) could be simplified. Choosing mo- 
mentum, in the form = (a;, 0, 0, a;) one has 

{Qi,Qi} = (^ + c), {g2,Q2} = (c^-c), (2.14) 

where c is the value of = (0, 0, c, 0). Even in massless case if a; = c one has multiplet 
shortening. This condition resemble BPS equation. The difference is that in BPS case all 
multiplets are massive but here we are discussing massless supermutliplets only. Using the 
example (2.14) one can interpret different values of s in equation (2.2). 

Now we want to study the representations of the superalgebra (2.3). Usually, superalgebra 
with central charges does not have massless representation and the shortest massive multi- 
plet is BPS. But in presence of brane charges, it is possible to have massless representations 
of superalgebra without breaking positive energy theorem [31]. 

In addition to the Casimir Ci = we have another one described by 

C = K^. (2.15) 

Also one can have extra Casimir operator associated with Pauli-Lubanski vector if one 
substitutes instead of Pm- One can sec that massless multiplet includes arbitrary 
parameter C that is associated with Casimir (2.15). In the next chapters we will interpret 
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inclusion of this parameter, effectively, as existence of additional "spinning" degrees of 
freedom. 

Therefore we see, tha in D = A one has a multiplet consisting of one fermion and one boson. 
States of this supermultiplet are generated by Qi and parametrized by the arbitrary value 
of c as well as eigenvalues of additional Casimir operators. 

We see that even superalgebra with central charges can have massless representations if 
those charges associated not with extended objects but with ordinary particle states. More- 
over, for some particular value of brane charges the number of nontrivial supersymmetries 
in D = 4 reduces to 1/4, i.e. one has ultra short massless multiplet (comparing to BPS 
one). The possibilities of new multiplets with different number of nontrivial supersym- 
metries were considered in [16] and [17] for massive BPS representations only. In that 
approach, central charges were associated with extended objects such as p-branes. D — 4, 
N — 1 case was considered previously in [22] . 

For the case of eleven dimensions one can have different "little" groups under GL(32, R). 
It is convenient to choose Tj^ among generators which live invariant diagonal form of Z^is, 
i.e. 



Zap = diag{ci, c^, 0, 0). 



(2.16) 



Then the superalgebra 



{Qa, Qp} — Zap, 



(2.17) 



where 



Zap = WapP,. + {l^apZ^, + (7' 




(2.18) 



could be written in the form 



{Qi, Qj} = diag{ci, c^). 



(2.19) 
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where i — 1, r. Here we have to be careful, because condition (2.8) assumes that r < 16 
or r = 16. But in simplest case i — 1 one sees that additional symmetries of GL{32, R) com- 
paring to its Poincare subgroup allows us to fix values of central charges in such a way that 
massless multiplet is getting shortened up to one nontrivial supercharge. In most general 
case one can have 8 and 16 supercharges. Nontrivial part of superalgebra giving supergrav- 
ity multiplet in = 11 has 16 supercharges (8 creation and 8 annihilation charges). Similar 
shortening one can have starting from example of massless representations of OSp{l/32, R) 
[32]. Usually, in difference from singleton multiplets, massless multiplets of OSp{l/n, R) 
supergroup survive Ignonu-Wigner contraction, and in this case for some particular value 
of central charges massless multiplet of OSp{l/32, R) which contains scalar, spinor and 
three-form, but doesn't contain graviton, could be contracted to Poincare limit. It also 
shows existence of other multiplets apart from supergravity multiplet in eleven dimensions. 

Now it is interesting to discuss what follows from condition (2.8) in eleven dimensions. It 
is more convenient for now to consider two different limits. When five form brane charge 
is equal to zero but two form is not and when two form is zero but five form is not. In 
the first case five-form Z^^) = 0. In this case one can extract equations equivalent to the 
system (2.9) - (2.11). Solution of those equations could be written in the form similar to 
(2.12), (2.13). But in the case when Z^^^ = situation is shghtly different. Equations that 
follow from (2.8) are 



4) = 0' = {PZ^%.,...., + (^(')^(')).i,...,., = 0. (2.20) 

Those equations also could be solved in manner analogous to (2.12), (2.13). 

Now let us discuss possible massless irreps in eleven dimensions coming from (2.19) for the 
cases of different r. If r = 1 the situation is similar to four-dimensions and one has just 
one creation operator and therefore only two states: with spin zero and one-half. For the 
case of r = 2 we still have spin zero and one-half but in addition to previous case we have 
to add CPT conjugated states into the consideration, r = 8 corresponds to the state of 
spin (0, 1/2, 1), in the final case of r = 16 one has multiplet with highest spin two. The 
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important observation here that one should not naively interpret states with highest spin 
one as super Yang-Mills multiplet. The difference appears that in addition to ordinary 
mass and spin those states are parametrized by the value of additional Casimir operators 
made out of Z^^^ and Z^^^ . In most general case it is not quite clear how to interpret 
them in most general case. In the following chapters using connection between particle 
model and field theory, wc will describe them as pure ''twistorial" degrees of freedom. This 
will be demostrated on the examples of four-dimensions and in eleven-dimensional space- 
time. In these examples, the wave functions (or fields) will depend on additional spinorial 
degrees of freedom. To make a connection with ordinary field theory and to get rid of 
extra spinorial dependence we will decompose fields/wave functions in powers of those 
spinors. Interestinly, the coefficients of that decomposition will be symmetric tensors in 
their spinorial indices. The imposing additional constraints, that appear from the particle 
quantization, will give us fields describing linearized field theory. This field theory posess 
supcrsymmctry generated by the super Poincare algebra with branme charges. 

Now we have to interpret the representations of Poincare superalgebra with brane charges 
in eleven dimensions from the point of view of field theory, and then, discuss a connection, if 
any, with spectrum of linearized M-theory. This will be discussed in the following chapters. 

B. Supersymmetry in dimensions beyond eleven 

Attempts to extend the supersymmetry beyond eleven dimensions have a long history. 
The major obstacle was due to appearance of spins higher then two in the supermultiplet. 
Surprisingly, in twelve dimensions this problem could be resolved. In this section we will 
follow [30]. For a first sight one can not have highest spin 2 in the supermultiplet if D = 12, 
because of the 64 Majorana Supercharges. But it is true if signature of space time is 
(11, 1). It is still possible to have 32 Supercharges if they are Majorana- Weyl spinors. This 
interesting result imposes restriction on signature of space-time. It should be (10, 2) now. 
In twelve dimensional space-time of this signature it is possible to have Majorana- Weyl 
spinors. In this case highest spin in the supermultiplet is 2 and everything is consistent. 
There is one problem that appears here. In D = (10, 2), (7'")q/3 is antisymmetric and one 
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can not have a momentum generator in the right hand side of the superalgebra. One can 
have the following (10, 2) superalgebra 

{Qa, Qp} = (7"")a/3-^mn- (2-21) 

There are many different ways to interpret the generator Zmn, but if one wants to have 
momentum generator in the theory there are two distinct possibilities. One of them is 

{Qa,Qp}^(l'^")al3Pmnn, (2-22) 

where Un is constant vector and another one 

{Qa,Qp} = {l""%pP^.Pl (2.23) 

where and are two independent commuting generators and each one can play role of 
momenta. The first case assumes that there is one chosen direction in twelve-dimensional 
space-time. It means that twelve- dimensional theory is effectively lower dimensional. In 
some sense it could be dangerous, because it could mean that we managed to rewrite ten- 
dimensional theory using new variables in twelve- dimensional fashion. Therefore, theory 
effectively is still tcn-dimensional. Nevertheless, this approach could be extremely useful in 
unification of type IIA/B and heterotic algebras from higher dimensions. We will discuss 
this unification later in this chapter. If higher dimensional theory has one chosen direction 
it does not necessary mean that it gives only one theory in lower dimensions. We will see 
that even with constant vector in tact the twelve dimensional theory is able to produce type 
IIA/B and heterotic superalgebras in D = 10. One can ask: why should we start from the 
theory with broken Lorentz symmetry? There are few possible answers. First of all, this 
broken symmetry could be sign of more extended theory, which is Lorentz invariant. The 
other, is that if initial symmetry has one chosen direction, it could give us the right theories 
upon compactification of that fixed direction. From this point of view important question 
arises: should the underlined theory of everything be completely Lorentz invariant? So 
far there are no complete evidence that this must be the case. Moreover, if one starts 
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from theory of everything with one fixed direction, and this theory is beautiful and easy 
to produce low dimensional results with, then upon restoring Lorentz invariance the result 
could be much more complicated and theory could have no other uses. The different 
theories with fixed directions in dimensions beyond eleven were considered in [33] - [40]. 

Another possibility described by (2.23) assumes that theory intrinsically is twelve-dimensional 
but we have to give an interpretation to new generator P^. It will be done in next chapter. 

It is by now well known that the type IIA string in ten dimensions is related to M-theory on 

5*1, and the Eg x Eg hctcrotic string is related to M-theory on /Z2 (See [3] for a review). 
However, the connection between M-theory and type IIB theory, 5*0(32) heterotic string 
and the type I string theory is less direct. One needs to consider at least a dimensional 
reduction to nine dimensions to see a connection. 

One may envisage a unification of the type IIA and type IIB strings in the framework of 
a higher than eleven dimensional theory. The simplest test for such an idea is to show 
that the Poincare superalgebras of the IIA/B theories are both contained in a spacetime 
superalgebra in DelO dimensions. The downside of this reasoning is an old result due to 
Nahm [41], who showed that, with certain assumptions made, supergravity theories are 
impossible in more than (10, 1) dimensions (and supersymmetric Yang-Mills theories in 
more than (9, 1) dimensions) ^. He assumed Lorentzian signature, and required that no spin 
higher than two occurs. Much later, an analysis of super p-brane scan allowing spacetimes 
with non-Lorentzian signature, the possibility of a (2, 2) brane in (10, 2) dimensions was 
suggested [43]. 

More recently, various studies in M-theory have also indicated the possibility of higher 
than eleven dimensions [29, 44, 45, 46, 47, 48]. (See also, [8, 21, 29, 33], [49, 50, 51, 52], 
[53, 54, 55] and [56, 57, 58] ). 

In most of these approaches, however, one needs to introduce constant null vectors into 
the superalgebra which break the higher dimensional Poincare symmetry. Accordingly, one 
does not expect the usual kind of supergravity theory in higher than eleven dimensions 

^A candidate supermultiplet in (11,1) dimensions was considered in [42], but it was 
shown that no corresponding supergravity model exists. 
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[44, 45]. 

An approach which maintains higher dimensional Poincare symmetry has been proposed 
[8]. However, much remains to be done to determine the physical consequences of this 
approach [29, 50], since it requires a nonlinear version of the finite dimensional super- 
Poincare algebra, in which the anticommutator of two supercharges is proportional to a 
product of two or more translation generators [8] (see also [52, 59]) ^. Simplest reahzations 
of these types of algebras involves multi-particles, as was shown first for bosonic systems 
in [29], and later for superparticles in [21, 53, 55, 57]. Putting all particles but one on-shell 
yields an action for a superparticle in which the constant momenta of the other particles 
appear as null vectors. 

In what follows, we shall focus our attention on the superalgebraic structures in D > 11 
that may suggest a IIA/B unification and their field theoretic realizations which involves 
null vectors, or certain tensorial structures, explicitly. 

1. Unification of IIA/B algebras in D > 10 

To begin with, let us recall the properties of spinors and Dirac 7-matrices in (s, t) dimen- 
sions where s{t) are the number of space(time) coordinates. The possible reality conditions 
are listed in Table 1, Appendix A, where M, PM, SM, PSM stand for Majorana, pseudo 
Majorana, symplectic Majorana and pseudo symplectic Majorana, respectively [64]. An 
additional chirality condition can be imposed for s — n = mod 4. 

The symmetry properties of the charge conjugation matrix C and the 7-matrix (7'^C)q,/3 
are listed in Table 2, Appendix A. The parameters eo and ei arise in the relation 

irCf = ei(7^C) . (2.24) 

^While the occurrence of nonlinear terms in a finite dimensional algebra is unusual, 
we refer to [60] for a study of finite W-algebras where such nonlinearities occur (see also 
[61, 62, 63]). It would be interesting to generalize this study to finite super W-algebras 
that contain nonlinear spacetime superalgebras of the kind mentioned here. 
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This information is sufficient to deduce the symmetry of {'y'^^"'^'^C)ai3 for any r, since the 
symmetry property alternates for r mod 2. 

Using Tables 1 and 2 from Appendix A, it is straightforward to deduce the structure of 
the type llA/B superalgebras in (9, 1) dimensions. The N = (1, 1) super Poincarc algebra 
(i.e. type IIA) contains a single 32 component Majorana-Weyl spinor generator Q", with 
a — 1, 32 and a set of 528 bosonic generators, including the translation generator P^, 
that span a symmetric 32 x 32 dimensional symmetric matrix. The non-trivial part of the 
algebra reads 

D = (9,1), IIA: (2.25) 



{Qa, Qfs} = la/3 + (7ll)a/3 Z + (7ll7'')a/3^M 



All the generators labelled by Z in this algebra, and all the algebras below, commute with 
each other. The generators of the Lorentz group can be added to all these algebras, and 
the Z-generators transform as tensors under Lorentz group, as indicated by their indices. 

It is clear that the algebra (2.25) can be written in a (10, 1) dimensional covariant form 

D = (10,1) ,N = 1 : (2.26) 

Next, we consider the N — (2, 0) algebra in (9, 1) dimensions which contains two Majorana- 
Weyl spinor generators {a — 1, 16, i = 1, 2) and 528 bosonic generators. The non- 
trivial part of this algebra takes the form 

D = (9,1),IIB: (2.27) 



+^ lap ^IJ^vp , 
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where are the 2x2 matrices r" = ((73, (7i, 1). We can make the identification Z^ = P^. 

Various aspects of the algebras discussed above have been treated in [65] in the context 
of brane charges, and in [52] in the context of higher dimensional unification of IIA/B 
superalgebras. 

In order to unify the superalgebras (2.26) and (2.27), we consider superalgebras in 

D = (10 + m, 1 + n) , m,n = 0, 1,... (2.28) 

dimensions. To simplify matters, we shall restrict the number real supercharges to be 

dim g < 64 . (2.29) 

Using Table 1 and Table 2 from Appendix A, we learn that this restriction requires dimen- 
sions (2.28) with 

m + n<3. (2.30) 

Examining all dimensions (2.28) for which (m, n) obey this condition, we find that there 
are two distinct possibilities: 

• AT = (1, 0) algebra in D ^ (11, 3) 

• N = {2, 0) algebra inD^ (10, 2) 

Both of these algebras contain 64 real supercharges, and the second one is not contained 
in the first. 

The A^ = (2,0) algebra in (10,2) dimensions has two Majorana-Weyl spinor generators 
Qa — 1) ■■■■> 32, i = 1, 2) obeying the anticommutator 

D = (10,2) ,N= (2,0) : (2.31) 
The A^ = (1,0) algebra in D = (11, 3) dimensions, on the other hand, takes the form 
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D = (ll,3) ,N = (1,0) : 



(2.32) 




Ml— 



Here and in (2.31), the 7-matrices are chirally projected. Factors of C used to raise or lower 
indices of 7-matrices are suppressed for notational simplicity. Note also that both (2.31) 
and (2.32) have 2080 generators on their right hand sides, spanning 64 x 64 dimensional 
symmetric matrices. 

Various dimensional reductions of the algebra (2.32) yield: 

- = 1 algebras in D ^ (11, 2), (10, 3) 

- N =1 algebra in D = (11, 1) 

- = (1, 1) algebra in D ^ (10, 2) 

- N ^2 algebra in D ^ (10, 1) 

all of which have 64 real supercharges, and contain the (9, 1) dimensional JIB and (10, 1) 
dimensional N — 1 algebras. The algebra (2.31) reduces to the last one in the above hst. 

The master algebras (2.31) and (2.32) also give the = 1 algebra in D — (9, 3), the N — 2 
algebra in D = (9, 2), the N = (2, 2) and N = (2, 1) algebras in D = (9, 1), all of which 
contain the IIA/B algebras oi D = (9, 1), but not the N = 1 algebra oi D = (10, 1). 

Now we would hke to show the embedding of the IIA/B and heterotic algebras oi D — (9, 1) 
in the master algebras (2.31) and (2.32). 

In the case of (2.31), the spinor of 5*0(10,2) decomposes under 5*0(10,2) — > 5*0(9, 1) x 
5*0(2) into two left-handed spinors and two right-handed spinors Q"'. Wc arc using 
chiral notation in which lower and upper spinor indices refer to opposite chiralities and 
there can be no raising or lowering of these indices. We keep only Z^- {fi = 0, 1, 11) for 
simplicity, and make the ansatz Z^-a''J — PifiV^^y In the reduction to (9, 1) dimensions we 
set P/j, — {Pf^; 0, 0) and v^^ — (0; vl^), where r = 10, 11. Now the non-vanishing part of the 
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algebra (2.31) reads: 

{Q'am = l^pPA^ (2-33) 
{Q-,Q«} = {-i^T^P^v'i, (2.34) 

where I'i = \{viq ± vh). The desired embeddings are then obtained by setting 

IIB: v%^5'^ , v^^Q. 
Ilk: v% = v'i = \{l + a''y^ , 
Het: v%^\{l + a^y^ , = . 

In the case of (2.32), the spinor of SO{ll,?>) decomposes under SO{ll,?>) ,50(9, 1) x 
SO {2, 2) into two left-handed spinors QaA and two right-handed spinors Q^, where A,A — 
1,2 label left- and right-handed spinors of 50(4). Wc keep only Z^'^p {fi = 0, 1, 13) 
for simplicity, and make the ansatz Z^,>p = P^f^F^^] We now set P/i = (P^; 0, 0, 0, 0), 
Ffiu = = F^r and Frs = {o'rs)'^^Vj^B + {'^rs)^^v^^, whcrc r,s = 10,11,12,13 and cr- 
matrices are the van der Waerden symbols of 5*0(4). Now the non- vanishing part of the 
algebra (2.32) reads: 

{QaA,Q,3B} = laePf^VAB , (2.35) 
{QaA,QpB} = I'apP.V^B- (2-36) 

The desired embeddings are then obtained by setting 

IIB: det(^;AB) 7^ , = , 

IIA: vab = U(aUb) , v^^ = ^(a^b) > 

Het: Vab = U(^aUb) , = , 

^See [52] which achieves the embeddings of the full IIA/B algebras (2.25) and (2.27), 
by using multi F-tensors and taking into account Z'^^ "'*'' 
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where ua, are constant spinors. Note that in the case of IIB, the symmetric matrix vab 
has rank two and it can be chosen to be 5ab in a suitable basis. 

For the hctcrotic case, which we will focus on in the rest of this paper, the embedding can 
be equally well realized by choosing (dropping the hats) 

Z^,up = Plt^Vup] , (2.37) 

where 

v^u = nif^rui,] , (2.38) 
and n, m are constant and mutually orthogonal null vectors: 

m^m^ = , n^n^ = , m^n^ = . (2.39) 

With these choices, it is clear that the matrix {Qa, Qp} in (2.32) has rank 16, as appropriate 
for the heterotic algebra. 



2. Properties of supersymmetry in D > 11 

We started out by considering an algebraic unification of the (9, 1) dimensional IIA/B su- 
peralgebras in higher dimensions, with emphasis on (11,3) dimensional N — (1,0) algebra 
(2.32). Having made the choices (2.37) and (2.38), however, we have restricted ourselves 
to the embedding of a supersymmetric theory with only 16 supercharges. While this is 
useful in understanding how the null vectors arise in a field theoretical realization, ideally 
one should seek a master field theoretic realization in which both IIA and IIB (and hence 
heterotic) symmetries are realized according to the suitable choices to be made for the 
three-form charge occurring in (2.32). 

In the next chapter we will focus our attention on zero-brane and the super Yang-Mills 
system it couples to, but the considerations will apply to higher branes as well [51, 54, 55]. 

We have also restricted our attention to the llA/B unification in a maximal dimensional 
spacetime (with 64 real supercharges), namely D = (11,3). Null reduction of our results 
for yield corresponding results for = (1)0) supersymmetric models in (10, 2) dimensions. 
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However, N — (2, 0) supersymmetric results in (10, 2) dimensions cannot be obtained in 
this way. In fact, a IIA/B unification in tfie framework of the N — (2, 0) algebra in (10, 2) 
dimensions does not seem to have attracted attention previously, and it may be interesting 
to investigate this case further. 

One of the dividends of a higher than eleven dimensional unification of IIA/B systems 
should be a more manifest realization of various duality symmetries among the ten di- 
mensional strings/branes. As it has been stressed in [8, 66], these symmetries are to be 
interpreted as the similarity transformations of the 64 x 64 symmetric matrix {Qa, Q/3} 
which leaves the BPS condition det {Qa, Qp} — invariant. An explicit realization of 
these symmetries at the level of brane actions would be desirable. 

The introduction of structures, e.g. null vectors which break the higher dimensional 
Poincare symmetry may give the impression that not much is gained by a higher dimen- 
sional formulation, and that it may amount to a rewriting of the original theory. This 
is not quite so, even if one considers the embedding of a single type of algebra in higher 
dimensions, when one considers the null vectors as the averages of certain quantities, e.g. 
momenta, attributed to other branes co-existing with the brane under consideration, as 
has been illustrated in [29, 50]. Furthermore, as mentioned briefly before and will be 
showed in the next chapter, there exists now a simple realization of > 11 superalgebras 
which involve the momenta multi-superparticles [21, 57]. These do not involve constant 
null vectors and maintain manifest covariance in D > 11. The multi-brane extension of 
these results and the nature of target space field theories they imply, are interesting open 
problems. 

Another aspect of the theories considered here is that their reductions to lower than ten 
dimensions give rise to new kinds of super Yang-Mills theories which, together with super- 
gravity sector which can be included, are candidates to be the low energy limits of certain 
N — (2, 1) strings. The utility of such strings lies in the fact that they provide a unified pic- 
ture of various branes, e.g. string and membranes [46, 67], resulting from different choices 
for the null vectors. In the next chapter we will generahze the construction of [46] to higher 
than (2, 2) dimensional targets, indeed to {n, n) dimensional ones. The description of their 
effective target space models is an interesting problem. We expect that the field equations 
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in these models are related to the generalized self-dual Yang- Mills systems studied in [68] . 

In all the algebras considered here the Z-tjpe generators commute with each other. How- 
ever, there exist interesting extensions of the Poincarc superalgebra in (10, 1) dimensions 
that includes super two- form [69, 70], and super five- form [5] generators. The most gen- 
eral such algebra with = 1 supersymmetry in (10, 1) dimensions has been called the 
M-algebra. In this algebra, there are non-vanishing (anti) commutators of super two- 
form generators. The role of the charges, some of which are bosonic and some fermionic, 
has not been understood yet in the context of M-theory. However, we expect them to 
play an important role. It would be interesting, therefore, to determine if the M-algebra 
generalizes to the (10,2) and (11,3) dimensional algebras reviewed here, and if such an 
algebraic structure can help in arriving at a more unifying picture of a wealth of M-theory 
phenomena. 
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CHAPTER III 



REALIZATION OF SUPERALGEBRAS 



In the previous chapter we discussed the superalgebras in different dimensions as well as 
massless representation of Poincare superalgebra with brane charges. As we mentioned 
before, it is necessary, for physical applications, to know the realizations of superalgebras 
not only in terms of supersymmetric field theory but also on the level of super particles 
and supcrstrings. Even if supersymmetric field theory is not known yet, it is possible to 
extract some information about its properties from quantization of 0-brane model. This 
approach will be discussed in next chapter. In this chapter we will start from realization 
of Poincare superalgebra with brane charges in different dimensions using corresponding 
superparticle model. Quantization of the superparticle with brane coordinates gives us 
information about spectrum and equations of motion of unknown field theory. We will see 
that using realization of eleven-dimensional superalgebra with brane charges, i.e. M-theory 
superalgebra, it is possible to identify properties of linearized M-theory from perturbative 
field theory point of view. First of all, it is important to mention what exactly we mean 
under superparticle realization of the superalgebra. Let us consider example of ordinary 
eleven- dimensional superparticle. This model has global supersymmetry, generators of 
which satisfy commutation relations of eleven dimensional superalgebra without brane 
charges. 



The superparticle model also possess kappa-symmetry, i.e. local fermionic symmetry, that 
reduces number of unbroken supersymmetries by two. This model is described by action 



{Qa: Qp} — (r'")a/3-Pm- 



(3.1) 




(3.2) 



n 



m 



(3.3) 
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where X'^ and 6^ are coordinates of eleven-dimensional target superspace. The action is 
invariant under global Poincare symmetry and supersymmetry: 

S^e = e, SeX"" = ieV'^e, (3.4) 
as well as mentioned above ^-symmetry 

S^e^iT'^UmK, S^X"" ^ier"'5ke, S^e^Aeen, (3.5) 

where the is kappa-symmetry parameter. We say that this model gives us superparticle 
realization of eleven-dimensional superalgebra. The quantization of 0-brane action (3.2) 
gives spectrum and linearized equations of motion of eleven-dimensional supergravity [71] 
(and references therein). Supergravity realizes superalgebra in terms of field theory. There 
is also supermembrane in eleven dimensions, that realizes superalgebra on the level of 
extended objects. If we are interesting in only particle and field-theoretical realization of 
the supersymmetry wc need to consider superparticle action and field-theory equations of 
motion. If one introduces brane-charges into algebra (3.1) and still follows later realization, 
then it is necessary to interpret variables associated with brane charges as coordinates of 
target superspace of some extended version of the superparticle that will be main topic of 
the next section. 

Superparticle with central charge coordinates was considered before in [21] and quantiza- 
tion in the massless case ioY D = A N = \ was presented in [22]. In this models, particle 
live on the supermanifold parametrized by usual coordinates and variables associated with 
p-form charges. Quantization in the massless case gives infinite number of states. The 
ordinary N-extended version of the spinning particle [23] can also give higher then two 
spin spectrum, but number of states is finite and there is no interacting field theory in- 
terpretation of such states. The generalization of the superparticle with central charges 
to AdS background was conducted in [72] but because of complicated structure of the 
fermionic part of the action quantization of this model in AdS is not known yet. Although 
the bosonic massive particle in AdS^ was quantized in [24] and supersymmetric case was 
considered in [25] using light-cone formulation of particle on AdS recently. 
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A. The Universal model 

The generalized model of superparticle in any dimension can be realized if one starts from 
superalgebra [21], [27] 

{Qa: Qp} = Z^p. (3.6) 

Then the generalized superspace in which coordinates are associated with and Z^p'- 

In addition, we introduce the momenta Paf^ (symmetric) and the Lagrange multipliers Ca/s 
with the same symmetry property of the charge conjugation matrix : 

ea/3 = Co e/3a , — €o C . (3.7) 

Here coordinates of particle are not only vector but also antisymmetric tensors appear- 
ing from decomposition of X^jS in the basis of 7-matrices. 

Having defined the basic fields of the model, the action is following [21] 

I = JdT (P^p H"^ + \e^p (P'r^) , (3.8) 

where 

H°^ = dx"^ - e'^'^de'^^ , (3.9) 

and (P^)"'' = P°''^P^^. The raising and lowering of spinor indices is with charge conjugation 
matrix C which has symmetry property (3.7). 

The bosonic symmetry of the action takes the form 



S^e^p = dA^p , 5aX-^ = -A(% P"^^ , S^P^/s = , = . (3.10) 
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The action (3.8) has also fermionic symmetries. Firstly, it is invariant under the global 
supersymmetry transformations 

= , 5,X''^ = e^'^e^^ , 5,Po,f) = , ^^ea/j = , (3.11) 
which clearly realize the algebra (3.6). The action (3.8) also has local ^-symmetry given 

by 

S.PaP = . (3.12) 

Recall that = eo C. These transformations close on-shell on the bosonic A-transformations 
and trivial bosonic transformations E, which are proportional to equations on motion: 

' <^«(2)] = + (^s , (3.13) 
where the composite gauge transformation parameters are 

Aa/3 = («f ^? + ^0 P^^ - (1 2) , 

= 4eo dK^^^ -(1^2). (3.14) 

We need the Cafs equation of motion in showing the closure on X"'^, and vice versa. 

First of all the number of k symmetries depends on rank of P^^. For example, if one 
considers ordinary Brink-Schwarz superparticle , which corresponds to 

Pa/3 = (7^)a/3^/x, = eCa/i, (3.15) 

then it can be showed that rank of P is N/2 if a = 1, ...,N. If we identify number of k 
symmetries with part of the target-space supcrsymmetries preserved by particle (brane) 
configuration then we can say that one-half of supcrsymmetries conserved. For the most 
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general case number of the conserved target-space supersymmetries (i.e. number of k 
symmetries) is equal to the {N — rank{P)). That could be seen from constraint analysis 
and from having {N — rank{P)) first class constraints corresponding to the same number 
of K-symmetries. It is not only case when it is possible to have different number of k 
symmetries for the same generalized model. The other examples are given in [21] and [53]. 

The field equations that follow from the action (3.8) are 

Pa^P^^ = 0, (3.16) 

dP^p = , P^f^def^O, (3.17) 

dX'^P _ gi'^de^) + e^(" Pf^^ = . (3.18) 

In particular (3.16) implies 

det P = , (3.19) 

which is the familiar BPS condition. Action (3.8) is written in fist-order form. It is 
possible to rewrite action in the second order form only by using infinite expansions: the 
last equation can be solved for P yielding the result 

P = -2eoe-^ (^ A n) , (3.20) 

where 




(3.21) 



and the definition 

e" An = e^ne-" , 

is to be applied to every term that results from the expansion of E in e. Substituting 
(3.20) into the action (3.8), we find 

(3.22) 

That is why it is much more convenient to work with first-order form of the action (3.8). 



-2 



dr tr 



e"^ {E A n) 
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1. Superpeirticle with central-chcirge coordinates and twistors 

It is also possible to rewrite Lagrangian (3.8) using bosonic spinors which can be associ- 
ated with first component of the four-dimensional twistor Z [22], [27]. To describe general 
model which includes massive as well as massless particles one can use not one but few 
sets of such spinors. For example, ordinary massless particles in D = 4 Minkowski space 
can be described by the momentum which could be represented as Pap = \a^i3, where we 
used Penrose decomposition. For massive case it is not working that could be seen by even 
by counting degrees of freedom. Instead, one could use pair of spinors where i = 1,2. 
But in space-time of an arbitrary dimension one have to use different number of spinors. 
In our case Pq/? ca-n be chosen directly in the following form if i = 1, .., s , then 

Pa(3 = A^A^, (3.23) 

where A^A-'" = 0. In this case rank of P is equal to s. Different value of s leads to either 
massless or massive superparticle. It is also possible to connect A to spinorial Lorentz 
harmonics. 

Using (3.23) the Lagrangian of superparticle is taking the form: 

L = Aj^A^n-^ (3.24) 

where n°^^ = - 9^''d9'^\ 

This Lagrangian, as will be showed later, could be quantized in more convenient way as 
one in (3.8), but they are classically equivalent on the level of equations of motion. 

It is also possible to consider model with use of spinors shghtly different from (3.24). One 
can add to Lagrangian (3.24) term with constraints A°'A^ = 0. In previous consideration 
we did not do that because it was possible to express Aq in terms of Lorentz harmonics as 
it will be described later. It means that it is possible to find most general solution of A in 
terms of spinorial Lorentz harmonics and condition A"*A^ = appears naturally. Here, for 
a moment, we assume that we can not do that anymore. 
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The action (3.8) is given in first order form where Pq/? is the momentum associated with 
X"'^. For many purposes, it is convenient to pass to a second order formulation. This can 
be done formally by solving for Pq,^ in equation of motion of (3.8). However the result is not 
illuminating. Instead, a replacement of Pa/s with a bilinear expression in commuting spinors 
is more interesting and promising. In doing so, it should be first noted that symmetric 
matrix P^,^ has a maximum rank of k/2, if a = 1, k. Thus, introducing k/2 commuting 
spinors e^, the momentum matrix can be expressed as 

Pap^e^epi, (3.25) 

where a — 1, ...,k and i — 1, ...,k/2. The contraction is with Kronecker delta dl and hence 
gives the manifest local SO{k/2) symmetry of this relation. Introducing the notation 

'^ij ~ ^aj -I (3.26) 

the action (3.8) can now be written as 

I^jdT (ei epi H'^^ + ie^, e^^ E^.A"^) . (3.27) 
An immediate consequence of this action comes from the A-equation of motion 

eLe^^S,, = 0. (3.28) 

Contracting this equation with C""^ gives tr = 0, which in turn implies that E^ = 0, 
as can be seen by bringing E^ into the standard canonical form by means of a unitary 
similarity transformation. Thus we have the condition 

er eft- = . (3.29) 

This is a generalized version of what is known as the pure spinor conditions which have been 
considered previously, for example the condition u'-y^u = in D = 10, and the additional 
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condition u^'^^u = in D = 11 on the spinors u"' see for example [73]. Also it appears 
that pure spinors are useful in covariant quantization of Green-Schwarz superstring as was 
shown in [29]. 

Another consequence of the action (3.27) is that the generalized momentum P^p associated 
with X"'^ is 

Pap = epi . (3.30) 

A special case of the action (3.8) was considered in [22] where a single spinor is used 
and consequently Pap — e^p- In that case the matrix P^js has rank one, and there are 
A; — 1 real components of the ft;-symmetry parameter that participate with the K-symmetry 

transformations. In the special case of D = 4, another special case of the action (3.8) was 
considered in [22] which amounts to the following choices 

4 = i\l^^{XA: -Xa) , el = (Aa, A^) , (3.31) 

where a is an arbitrary real parameter. In real spinor notation, this means ~ (756^)0,. 
As a result of this choice, the components of Pap in D = 4 become 

PaA — AaA^ , Pab = oA^As , P^B = ctA^Ag . (3.32) 

For a = the model reduces to the standard sup ci particle model without two- form coordi- 
nates, while for a = 1, it reduces to the special case where P^^ = 6^6/3. For a ^ 0, 1, it is a 
model with 2 real component k symmetry parameters that participate in the K-symmetry 
transformations. The quantization of these cases were carried out in detail in [22]. 

Model of massless superparticle with central charges for different dimensions was considered 
in [22]. For arbitrary dimension their model is given by: 



L = AaA^n' 



(3.33) 
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where 11"^ is given by (3.9). The model (3.8) in the spinorial form (3.24) after taking 
only one set of spinors A into consideration coincides with the model [22] which describes 
massless superparticle with lowest rank of Pq/?- This corresponds to maximal number of k 
- symmetries. It is also possible to make a connection of the model (3.24) with particle in 

Lorentz-harmonic variables. It helps us to clarify the notion that we do not need to have 
additional constraint in the action. Where this constraint describes the property of A such 
as X'^'Xaj = 0. 

The action of the superparticle with central charge coordinates in Lorentz-harmonic for- 
malism is [31] 

L = Pi^vJ^v^Bp^-f", (3.34) 

where a is 5*0(1, D) spinorial index, and A is index in spinor representation of SO{D — 1). 
(+, — ) arc 50(1, 1) weights and v are spinorial Lorentz harmonics. Rank of P^p is defined 
by the rank of PXb- Then later could be solved as 

Pab = ^Y^V^ (3.35) 
where r runs from 1 to rank of the P. Then (3.34) is taking the form 

^=(A>:^J(A^^^^^)n"^. (3.36) 
The combination Xj^v^^ gives nothing but set of the 5'0(1, D — 1) bosonic spinors A^ i.e. 

a; = A^^Ia- (3.37) 
Finally, the Lagrangian (3.34) is equivalent to (3.24). 
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2. Superstring and Supermembrane with central chcirge coordinates 

In this subsection we discuss generahzation of superparticle with central charge coordinates 
for the case of superstrings and supermembranes. The modifications of superstring action 
to include tensorial coordinates have been studied quite extensively. See for example [74] , 
[75] (and references therein). The motivation for construction of those models was the 
following. In D = 4 one can introduce, in addition to target-space string coordinates, the 
rank two tensor z^i, that has six independent degrees of freedom. Then, if it is possible 
to construct an action with right number of symmetries, the conformal anomaly could 
be canceled already in D = 4. In this case string theory could be consistent, at least 
on this level, in four dimensions. Here we will follow [76]. To make a connection with 
Green-Schwarz superstring one has to have kappa-symmetry of new model. One of the 
problems appears already on this level. It is not easy to build kappa-symmetric action of 
such a superstring. It means that even befor quantizing one has to constract self-consistant 
classical model. By the other hand there are consistant models of superstring on group- 
manifold, where target space coordinates also can be tensors, but problems appear in the 
attempt to generalize this construction to cosets. For the most recent review on strings with 
central charge coordinates see [77] where null superstring with tensorial coordinates was 
studied. Here for the sake of completeness we just want to discuss possible generalizations of 
the action (3.8) for the case of strings and membranes. As we saw before, the superparticle 
action with brane-charge coordinates have nonusual feature: the first order formalism is 
simple and well defined, but second-order one (3.22) is troublesome and very complicated. 
Here we argue that problem with models of strings with brane-charge coordinates could 
have the same origin. The second order formulations only were considered before, but 
here we would like to examine the first order one using Siegel's formulation of Green- 
Schwarz superstring [7]. This formulation appeared useful for covariant quantization of 
superstring [78]. It could be used to study first order formalism of superstring where the 
generalized momenta for the string Pj^ is introduced. Here z = 0, 1 is string world-sheet 
coordinate index and belongs to coordinates of target space. Because we want to reafize 
superalgebra with brane charges on the level of superstring action, we introduce notion 
of extended superspace, exactly as before, by using generalized coordinates Xa/s, 9a and 
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momenta P"'^. Then generalization of the action (3.8) for the case of string is 

L = P'^'^m^fSi + ie„;3.,P"^*Pf - lei^Ui^fsdjO'^e'', (3.38) 

where 

= + (3.39) 

This action is invariant under global supcrsymmetry generated by the algebra (3.6). Cagij 
is generalized vielbein that includes two dimensional metric gij and following [7] det{g) — 1. 
In general case we have to add this constraint in the Lagrangian but we just assumed that 
we already used some symmetries of the action to fix det{g) — 1. The model (3.38) could 
be reduced by separating Lagrange multipliers Ca/s and gij. It give origin to the following 
Lagrangian: 

L = P"^'n„^, + ^ca^p'^'^'p^^ - teijUi^pdje'^e", (3.4o) 

Important property of this model is that ordinary form of kappa-symmetry should be 
modified (we denote new terms by ... ) 

50a^Ka + ..., = i^r^^ + 5P'^^^-2ie'^{Kdi9)ap + .... (3.41) 

Unfortunately it is not completely clear how this kappa-symmetry transformation should 
be modified to close on-shell. 

The action (3.40) could be generalized for the case of p-branes. In the simplest formulation 
one cane get rid of Cq,^ by choosing e^/j = eiCap- In this case Lagrangian for supermembrane 
is taking the form: 

L = P'^^m^pi + ^e^jP'^'^'P^^ + e + Lwz, (3.42) 
where Lwz is Wess-Zumino term and for membrane i — 0,1,2. It is also straightforward 
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to rewrite action (3.42) in the most general form following (3.38). Here we presented 
discussion on possible extension of the model given by (3.8) to the cases of superstrings 
and superbranes. There are still a lot of questions about later models, because the complete 
symmetries of the actions (3.38), (3.40) and (3.42) should be studied as well as quantization 
of the string models. 

In this section we considered different interpretation of p-brane charges not as integrals 
over world-volume of brane current but as coordinates of extended superspace. Here we 
presented only particle realization of the superalgebra with brane charges. In the next 
chapter we will consider the quantization of the Universal model and give a field theory, 
that realizes superalgebra with brane charges. In that case extra coordinates, coming from 
brane charges could be interpreted as pure twistorial ones and correspond to spin degrees 
of freedom. 

In this part of the chapter we discussed realization of the super Poincare algebra with 
brane charges in terms of super 0-brane models. We considered only classical models and 
discussed their symmetries and properties. In the next sections we will consider different 
super 0-brane models realizing superalgebras beyond eleven dimensional. 

B. Superparticles in D > 11 

The possibility of a super ]9-brane in (10, 2) -dimensions was conjectured long ago [43], 
in the context of a generalized brane-scan. More recently, there have been indications 
for the existence of a (10,2) dimensional structure in M-theory [45, 46, 29]. Motivated 
by these considerations, super Yang-Mills equations of motion in (10,2) dimensions were 
constructed in [33] . This result has been recently generalized to describe the equations of 
motion of supergravity in (10,2) dimensions [51]. Previously, possible existence of hidden 
symmetries descending from (11,2) dimensions was pointed out [8]. Recently [29], it has 
been suggested that there may be a (11, 3) dimensional structure in the master theory, and 
even the possibility of a (12,4) dimensional structure has been speculated in [67]. There 
is an extension of the work presented in [33] to higher dimensions, and it was found that 
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the construction of [33] generalizes naturally to (11,3) dimensions. An extension beyond 
(11, 3) dimensions ran into an obstacle [34], which has been removed in [39], where super 
Yang- Mills equations have been constructed in (8 + n,n) dimensions, for any ml. Here 
we follow [53], [21]. 

The symmetry algebras realized in the field theoretic models just mentioned are [8, 33, 34, 
52]: 

(10.2) : {Qa:Qp} = {nai3P^.n,: (3.43) 

(11.3) : {Qa,Qi3} = (r'^napPi.n^rnp, (3.44) 

where and are mutually orthogonal constant null vectors. These break the (10, 2) 
or (11,3) dimensional covariance. In order to maintain this covariance, it is natural to 
replace the null vectors by momentum generators [8] (see also [29]), thereby obtaining ^ 

(10.2) : {Qa:Q(3} = {YlaP Pl^. P2u : (3.45) 

(11.3) : {Qa,Qp} = {l'"'')aP Pl^ P2U Psp . (3.46) 

The algebras (3.43) and (3.45) first made their appearances in [8], and (3.44) and (3.46) 
in [34, 52]. In particular, (3.45) has been put to use in [66, 8] in the context of higher 
dimensional unification of duality symmetries; in [50] where four dimensional bi-local field 
theoretic realizations are given and interesting physical consequences such as family unifi- 
cation are suggested; and in [54], where a two-particle realization in (10, 2) dimensions, in 
the purely bosonic context, was given. 

The purpose of this section is to present a supersymmetric extension of the bosonic two- 
particle model of [66], and to extend further these results to (11,3) dimensions, where 
a three-particle model arises. We will construct multi-superparticle actions in which the 
algebras (3.45) and (3.46) are realized. In doing so, we will find that the multi-superparticle 

^In (8 + n, n) dimensions, the full set of generators occurring on the right hand side of 
{Qa, Qp} are p-form generators with p = no, no + 4, n -|- 4, where no = n mod 4. For 
example, in (17, 9) dimensions, there are p-form generators with p = 1, 5, 9, 13. However, 
actions of the type considered here for n-particle systems naturally select the nth rank 
generator. 
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system has new bosonic local symmetries that generalize the usual reparametrization [29] , 
and new fermionic local symmetries that generalize the usual ^-symmetry of the single 
superparticle. These symmetries will be shown to exist in presence of super Yang-Mills 
background as well. 

These results can be viewed as preludes to the constructions of higher superbranes in (10,2) 
and (11,3) dimensions. Since the latter should admit superparticle limits, it is important 
to develop a better understanding of the superparticle systems in this context. 

1. Superparticles in (10,2) dimensions 

Wc consider two superparticles which propagate in their respective superspaces with coor- 
dinates Xf (ri,r2) and 6f{ri,T2), with i = 1,2, fi = 0,1, 11 and a = 1, ...,32. Working 
in first order formalism, we also introduce the momentum variables P^(Ti,r2) 

The superalgebra (3.45) can be reahzed in terms of supercharges 

Qa = Qla + Q2a , (3.47) 

with Qi{Ti,T2) defined as ^ 

Qia^dia + \l^;ef P,^P2, , i = l,2. (3.48) 

The spinorial derivative is defined as dia — d/dOf, acting from the right. The transforma- 
tions generated by the supercharges Qa are 

5,X^ = \ lY'^iei + e^) SijPju , SA = e , 5,Pt^0, (3.49) 

where e^^^9 stands for e°7a/3^^, and £y is the constant Levi-Civita symbol with ei2 — 1. 

^The spinors are Major ana- Weyl, their indices are chirally projected, the charge conju- 
gation matrix C is suppressed in {'y'^'^'"'^'' 0)^/3, which are symmetric for p = 2,3 in (10,2) 
dimensions, and for p = 3, 4 in (11, 3) dimensions. This symmetry property alternates for 
p mod 2. 
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Next, it is convenient to define the line element 

Uf = {d, + a2)Xf - lekr''i^^ + ^2) Ok SijPj, . (3.50) 

While this is not supersymmetric by itself, its product with is supersymmetric up to 
a total derivative term, and therefore it is a convenient building block for an action. The 
fact that the sum of two times occur in the line clement is a consequence of maintaining 
supersymmetry (in the sense just stated) and the fact that all field depend on ri and 
T2 (see the end of this section for a discussion of a restricted time dependence, and its 
consequences) . 

Introducing the symmetric Lagrange multipliers Aij{Ti,T2) which are inert under super- 
symmetry, 

5,Aij = , (3.51) 
we consider the following action for a two-superparticlc system in (10,2) dimensions 

7 = y dndr2 {PtUi^ - \AijPtPj^) . (3.52) 

The action (3.52) has a number of interesting symmetries. To begin with, it is invariant 
under the target space rigid supersymmetry transformations (3.49), up to a total derivative 
term that has been discarded. Furthermore, it has the local bosonic symmetry 

5A^i, = (9i + 92) A,,-, 5AXf = A,,P/, 5KPt^Q, 5a^ = 0, (3.53) 

where the transformation parameters have the time dependence Ajj(ri,r2). Here too, 
a total derivative term, which has the form {di + 82) (^^AijPJ^P^'^^, has been dropped. 
The diagonal part of these transformations are the usual reparametrizations, combined 
with a trivial symmetry of the action. The off-diagonal part of the symmetry are gauge 
symmetries which are the first order form of those which are in the bosonic two-particle 
model of [54] . Together with the reparametrization symmetries, they allow us to eliminate 
the correct amount of degrees of freedom to yield 8 bosonic physical degrees of freedom for 
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each particle. 

The action (3.52) has also local fermionic symmetries which generalize the usual K-symmetries. 
Let us denote the jth symmetry of the ith particle by K,ij{Ti, T2). One finds that the action 
(3.52) is invariant under the following transformations 

S.Aij = lRkir{di + d2)e,ee,P'^+{t^j) . (3.54) 
In showing the K-symmetry of the action, it is useful to note the lemma 

p;(5«nn = {d, + 82) {\hi'''5,eueiiP;pi) - \{5j)^^''{d^ + d2)ekSijP;pi . (3.55) 

The diagonal part of the Kjj-transformations are the K-symmetry transformations that 
resemble the ones for the usual superparticle. The off-diagonal /t-transformations are their 
generalizations for a two-superparticle system. Just as the off-diagonal Aj^ transformations 
are needed to obtain 8 bosonic degrees of freedom for each particle, the off-diagonal Hij 
symmetries are needed to obtain 8 fermionic degrees of freedom for each particle. The 
commutator of two ^-transformations closes on-shell onto the A-transformations 

[<^«(i)'<^«(2)] = <^A(i2) ' (3-56) 
where the composite gauge transformation parameter is 

A(12)ii = lf^{2)ki'y'"'fi{l)kjPlnP2u + (i ^ j) ■ (3.57) 

It is clear that the remaining part of the algebra is [5k, 5a] — and [^a^, ^Aj] = . 
The field equations that follow from the action (3.52) take the form 

PtPj, = , (3.58) 
Y''PiMdi + d2)ei = , (3.59) 
(9i + d2)Xt = (A,^'^ + Isijekr^'id, + 82)6^) Pi , (3.60) 
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{di + d2)Pi^^0 . (3.61) 

While the derivatives occur only in the combination {di + 82) , the fields can depend both 
on r_(- and t_ defined by t± = Ti ± T2. It is possible, for example, to restrict the proper 
time dependences as follows 

xtin), PtiTi), Oiin). (3.62) 

The action still is given by (3.52), with the line element now taking the form 

nf = a,Xf - le^Y'd, e,,P,, . (3.63) 

It is understood that the free indices of the left hand side are not not be summed over on 
the right hand side. The bosonic and fermionic symmetries discussed earlier retain their 
forms. In particular, the global super symmetry transformations (3.49) remain the same, 
and one can express the bosonic symmetries (3.53) as 

5f,Aij = diKi^ + d^K^i - 5ijdiAij , ^A^f = A,,P/ , SaP^ = , = , (3.64) 

where the parameters Aj^ depend on ti and T2. Restricting the proper time dependence of 
the K-symmetry parameter as K,ij{Ti), the fermionic symmetries (3.54) can be simplified to 
take the form 

6pr = 0, 

5Aij = i {K,kjl'^dk9k + Rij-f^diOi) SkiPkn + (i ^ j) , (3.65) 
which close on-shell as in (3.56), and the composite parameter now takes the form 

A(i2)ii = l'^i2)ur'''^il)^JPl^.P2u -(1^2). (3.66) 
Similarly, the field equations become 

PtPj^ = , diPi^ = , Y''Pi^,P2M = , (3.67) 
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diXj" = [Aijr)^" + Isijea^^'diei) Pj, . (3.68) 

Note that the K-symmetry transformation of, say Xi, maps a function of ti to a function of 
Ti and T2. While this may seem somewhat unusual, it does not present any inconsistency, 
and in particular, there is no need to take the momenta to be constants. The important 
point to bear in mind is that the symmetry transformations close and that they are con- 
sistently embedded in a larger set of transformations that map functions of (ti, T2) to each 
other. 



2. Putting the second pairticle on-shell 

In order to obtain an action for the first particle propagating in the background of the 
second particle, we will follow the following procedure. Recall that t± = Ti ± T2. Let 
us also define 9± = 9i ± 62. We use the ^2,^22,^- equations of motion in the action, 
thereby putting the second particle on-shell. However, the remaining fields still have t_ 
dependence. In analogy with Kaluza-Klein reduction, we then set 9_ = 0, and integrating 
the action over t_ to obtain: 

j dT [P^ (n'^ - An") - |eP''Pj . (3.69) 
where the label 1 has been suppressed throughout, the t_ interval is normalized to 1 and 

P^ = n" , 

An = e , A12 = A , 

n'^ = d^X^" - l9-f'"'dr9 n, , (3.70) 

where we have defined t+ = r and ^+ = 6/^/2. The vector n" is constant and null as a 
consequence of X2 and ^422 equation of motion, and the fact that we have set 9_ = 0. 

The action (3.69) is invariant under the local bosonic transformations 

5e^dri, M = 9^A, (JX'^ = ^P'^ + An'* , 5P'* = , 5^ = 0, (3.71) 



obtained from (3.53) by setting 9_ = and using the notation ^ = An and A = A12. The 
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action (3.69) is also invariant under the global supersymmetry transformations (3.49) 

5,X^ = i e-f^'^e , 5,6 ^e, 5,P^ = , (5^6 = , 5,A^Q , (3.72) 

(we have rescaled e — > e/ \/2 for convenience) and invariant under the local fermionic k and 
T] transformations 

56 = -I'^P^K + ^''n^T] , 

5X'' = l6r''n,{5J + 5r,6) , 

5P'' = , 

5e — —R^'^dT6 , 

5 A = lKYP„dr6 - lf]Yni,dr6 , (3.73) 

obtained from (3.54) by setting d- = 0, using the field equations of the second particle, 
setting = , and using the notation /t+i = and = V^V- The parameter 
has been set equal to zero, as it is associated with the transformations of 6- that has been 
put on-shell, and which has consequently dropped out in the action. 

An alternative way to arrive at the same results is to start from the restricted model 
described above by putting the second particle on-shell, and this time integrating over T2. 



3. Introducing super Yang-Mills background 

First we start from description of super Yang-Mills in (10, 2) dimensions. Yang-Mills also 
could be thought as some particular realization of superalgebra. Moreover, using methods 
of first chapter it is possible to investigate representations of superalgebras in D > 11 and 
thus the models of SYM in dimensions beyond eleven could be useful for understanding of 
the structure of theory of everything. 

Here we will start from the following superalgebra 



{Qa,g/3}=(r"'")a/3Pnn, 



(3.74) 
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where is a constant null vector. We see that it is the same algebra with constant vector 
that was discussed in the beginning of this section. 

The Yang- Mills equations of motion are given by [33] 



I'^D^X = , (3.75) 
- p7,,A = , (3.76) 

where the fields are Lie algebra valued and in the adjoint representation of the Yang-Mills 
gauge group, and D^A = d^X + [A^, A]. Due to the symmetry of ^'^"C'^, the last term 
in (3.76) involves a commutator of the Lie algebra generators. In addition to the mani- 
fest Yang-Mills gauge symmetry, these equations are invariant under the supersymmetry 
transformations [33] 



5qA^ = e7^A, (3.77) 

<^qA = -iT'^'^^'eF^.n, , (3.78) 

and the extra bosonic local gauge transformation [33] 

5n^^ = % , 5nA = , (3.79) 
provided that the following conditions hold 





= 0, 


(3.80) 




= 0, 


(3.81) 




= 0, 


(3.82) 




= 0, 


(3.83) 




= 0, 


(3.84) 
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One can check that the field equations as well as the constraints are invariant under su- 
persymmetry as well as extra gauge transformations. 

Finally, wc use tha fact that that the commutator of two supersymmetry transformations 
closes on shell, and yields a generalized translation, the usual Yang-Mills gauge trans- 
formation and an extra gauge transformation with parameters A, fl, respectively, as 
follows: 

[SQ{ei),6Q{e2)] = 6^ + 6^ + Sn, (3.85) 
where the composite parameters are given by [33] 



e27''"ei , (3.86) 
-e , (3.87) 
\e2r''e^ F^. . (3.88) 

Note that the global part of the algebra (3.77) and (3.78) is given by (3.74). 

The closure of the supersymmetry algebra on the fermion requires the constraints (3.80) and 
(3.81), while the supersymmetry and Vt- symmetry of the field equations and constraints 
require the remaining constraints as well [33]. A superspace formulation of this model, as 
well as its null reductions to (9, 1) and (2,2) can be found in [33]. 

The coupling of Yang-Mills background is best described in the second order formahsm. 
First of all we see that particle model we discussed before realized superalgebra without 
constant vector, on the other hand, in the case when one puts second particle on-shell, i.e. 
uses equations of motion of second particle in the Lagrangian (3.52). 

Elimination of in (3.52) gives 

Io = \j dT e-^W (n^ - An^) . (3.89) 

The bosonic and fermionic symmetries of this action can be read off from (3.71), (3.72) 



A = 
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and (3.73) by making the substitution P'* — > e~^{U.^ — An^). To couple super Yang-Mills 
background to this system, we introduce the fermionic variables r — 1, ...,32, assuming 
that the gauge group is SO (32). The Yang- Mills coupling can then be introduced as 

7i = Jdr i^'drVdrZ^A'^, (3.90) 

where Z'^ are the coordinates of the (10, 2|32) superspace, and is a vector superfield 
in that superspace. 

The torsion super two- form — dE^ can be read from the supcralgebra (3.74): 

= A , = , (3.91) 

where the basis one-forms defined as e"^ = dZ^ Em^ satisfy 

de" = e" A {l'^)ocp na , de" = , (3.92) 
and a, h, c, ... are the (10,2) dimensional tangent space indices. 

Using these equations, a fairly standard calculation [79, 80] shows that the total action 
J = Jo + Ji is invariant under the fermionic gauge transformations provided that the Yang- 
Mills super two-form is given by [33] 

F = e'^ A e'[n,xa - 'i{lb\)a] + ^e" A , (3.93) 

where we have introduced the chiral spinor superfield Xcx ^^'^ the anti-chiral spinor super- 
field A, and that the transformation rules for e and A pick up the extra contributions 



(^extra^ = ^''<9^^'k (2A„ + {JT - An")) ^^aXrs + Ci/j^'dr^'f] (4A^, - 'yaUaXTs) , 

Se.tr.r = -Se'^Al^r- (3.94) 
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In addition, the spinor A must satisfy the condition rf'^a^ — 0- One can show that F given 
in (3.93) satisfies the Bianchi identity DF — 0, and the constraints on F imphed by (3.93) 
lead to the field equations of the super Yang- Mills system in (10,2) dimensions [33]. 

4. Superpcirticles in (11,3) dimensions 

In this subsection, wc consider three superparticles propagating in (11,3) dimensional 
spacetime [53], [30], and take their superspace coordinates to be (r), Of{f) and momenta 
Pi{^) — 1) 2, 3), where t — (ti, r2, t^). Following the same reasoning as for the case of 
tvelve dimensions we consider the following action 

1 = j dndr^dn (A^n,^ - \A,jPtP,^) , (3.95) 

where 

nr = (^1 + ^2 + a3)Xf - l^hl'""'{di + ^2 + 8^)6^ SijkPjuPkp . (3.96) 
The action is invariant under the local bosonic transformations 

5j,Aij^{di + d2 + ds)Aij , 5AXf = A,,P/, 5j,Pt^0, M = 0. (3.97) 

The action is also invariant (modulo discarded total derivative terms) under the global 
supersymmetry transformations 

6A = e, 6,Pt = 0, Mii = 0, (3.98) 
and local fermionic transformations 
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S.Pt = 0, 

S.Aij = iKkiY^idi + d2 + ds)ekSjmnP;rP:: + (^ ^ j) . 



(3.99) 



The algebra closes on-shell as in (3.57), with the composite gauge parameter now given by 



The remaining part of the algebra is [5k, 5a] = and [5ai,5a2] = . The equations of 
motion are similar to (3.58)-(3.61). In fact, all the formulae of this section are very similar 
to those for two-superparticles and their n superparticle extension is straightforward. 

To obtain an action which describes the propagation of the first particle in the background 
of the other two particles, we follow the steps described for the case of twelve dimensions. 
Let T = Ti + T2 + T3, and 9 = 9i + 02 + O3, and denote the orthogonal combinations by t± 
and 9±. Using the equations of motion for 9±,Xi, An (i = 2, 3) and restricting the proper 
time dependence of fields by setting d± — 0, we obtain the action 



A(12)ij = lni2)ka'"'''l^(l)kjPlf,P2uP3p + j) ■ 



(3.100) 



1= dr -jePf'P^ + {W - Anf" - Bm") 



(3.101) 



where A = A12 and B = A13 and 



(3.102) 



The vectors and are mutually orthogonal constant null vectors, as a consequence of 
An and equations of motion for i = 2, 3 resulting from the original action (3.95), and 
having set d± — 0. The action (3.101) is invariant under the bosonic transformations 



50 



5e = dri , SA = drA , SB = a^E , SX^" = ^P'' + An^ + Em^ , (3.103) 

where ^ = An, A = A12 and E = A13. The action is also invariant under the global 
supersymmetry transformations 

S.X^" ^ ^ e-f^'^'^e n^rup , 5,6^6, 5,P^^0, M = 0, 5eB^0, (3.104) 
and local fermionic k, rj and cu transformations 

= 0, 

Se = —^K,'y^'^dT9nfj,'miy , 

SA = -InY'drem^P, - lf]Y''dr9n^m, , 

SB = -\RY''dreP^,n^ - \RY''dr9n^m^ - |cl;7'^^a^^n^m^ , (3.105) 

where 77, a; are equivalent to K+i(i = 1, 2, 3) upto a constant rescaling, and the irrelevant 
parameters K±i have been set equal to zero. 

To describe an interaction between super Yang-Mills and 0-brane in (11,3) Dimensions 
we will start from discussion on realization of D = (11,3) supcralgcbra in terms of super 
Yang- Mills [34]. As for the case of twelve dimensions the super Yang-Mills is the realization 
of the superalgebra not with constant vector but rather with constant tensor. 

We begin by introducing the momentum generator to the superalgebra , by making use of 
a constant tensor v^y as follows: 

{Qa, Qp} = {l'''"')aP ^^-P ■ (3-106) 
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The next step is to postulate the supersymmetry transformation rules which make use of 
Vf^i,. The strategy is then to obtain the field equations, and any additional constraints by 
demanding the closure of these transformation rules. At the end the (extra) gauge and 
supersymmetry of all the resulting equations must be established. In what follows, we will 
first present the results that emerge out of this procedure. 

The super Yang-Mills equations take the form 



rD^X = , (3.107) 
D''F,[^v,,] + j^A7^.pA = . (3.108) 

In addition to the manifest Yang-Mills gauge symmetry, these equations are invariant under 
the supersymmetry transformations 



SqA^ = ej^X, (3.109) 
SqX = -lY^'^'^eF^^v,, , (3.110) 

and the extra bosonic local gauge transformation 

SnA^ = -v^, , SaX = 0, (3.111) 
provided that the following conditions hold: 



V^.A = 0, (3.112) 

v^,uYX = 0, (3.113) 

Vi^.p = 0, (3.114) 

v/v,, = 0, (3.115) 

V[^i,uVpa] = , (3.116) 
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v^Pv^'^Dp^, = 0, (3.117) 

v^^'D^VL^ = . (3.118) 

The commutator of two supersymmetry transformations closes on shell, and yields a gen- 
eralized translation, the usual Yang-Mills gauge transformation and an extra gauge trans- 
formation with parameters A, il'^, respectively, as follows: 

[(^Q(ei), 5Q{e2)] = 5^ + 5a + 5n , (3.119) 
where the composite parameters are given by 



e = e^i^^'e^v^p, (3.120) 
A = -eA^, (3.121) 
= le2r'"'e, F,, . (3.122) 



The global part of the algebra (3.110) indeed agrees with (3.106). Note the symmetry 
between the parameters and Q^. The former involves a contraction with Vfj,i,, and the 
latter one with Ffj_i,. 

The derivation of these results proceeds as follows. First, it is easy to check that the 
closure on the gauge field requires an additional local gauge transformation (3.111) with 
the composite parameter (3.122). Next, one checks the closure on the gauge fermion. In 
doing so, the following Fierz-rearrangement formula is useful: 



^[1^2] = ^ e2r'''ei 7^,p + 4 e2r'-'''e, 7^,..^,) , (3.123) 

where ei and €2 are Major ana- Weyl spinors of the same chirality. Using this formula, and 
after a httle bit of algebra, one finds that: 

1. The closure on the gauge fermion holds provided that the fermionic field equation 
(3.107), along with the constraints (3.112) and (3.113) are satisfied. 



53 



2. The supersymmetry of the constraint (3.112) requires the constraint (3.114), and a 
further variation of this constraint does not yield new information. 

3. The supersymmetry of the constraint (3.113) requires the further constraints (3.116) 
and (3.117). 

4. The equations of motion (3.107) and (3.108) transform into each other under supersym- 
metry. This can be shown with the use the constraints (3.113) and (3.114). 

5. Finally the invariance of the full system, i.e. equations of motion and constraints, under 
the extra gauge transformation (3.111) has to be verified. The invariance of the fermionic 
field equation (3.107), as well as the constraints (3.112) and (3.113) do not impose new 
conditions. However, the invariance of the constraint (3.114) imposes the condition (3.117), 
and the invariance of the bosonic field equation (3.108) imposes the condition (3.118) on 
the parameter fl^. Both of these conditions are gauge invariant. 

In summary, equations (3. 106)- (3. 122) form a consistent and closed system of supersymmet- 
ric, Yang- Mills gauge and fi-gauge invariant equations. The similarity of these equations to 
the corresponding ones in (10, 2) dimensions is evident. One expects, therefore, a natural 
reduction of these equations to those in (10, 2) dimensions. This will indeed turn out to 
be the case. 

The important next step is to establish that the constant tensor v^iy satisfying the conditions 
(3.116) and (3.115) actually exists. The solution is 

v^u = rn[u,n^] , (3.124) 
where m^i^ and rii, are mutually orthogonal null vectors, i.e. they satisfy 

m^m'* = , Tii^n^ = , m'^n^ = . (3.125) 

Given the signature of the 14-dimensional spacetime, finding two mutually orthogonal null 
vectors, of course, does not present a problem. Indeed, this solution suggests a that an 
orc/mary dimensional reduction to (9, 1) dimensions should yield the usual super Yang-Mills 
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system. 



The simplest brane action in which the symmetry algebra (3. 124), (3. 106) may be realized 
is that of a 0-branc, i.e. a supcrparticlc [53, 55] ^. In [53], an action for superparticle in 
the background of a second and third superparticle was obtained essentially by putting 
the background superparticles on-shell. The null vectors and satisfying (3.125) are 
the constant momenta of the second and third superparticles. We start from the action 



The action as was mentioned before is invariant under the bosonic ^, A and E-transformations 
(3.103) and the global supersymmetry transformations (3.104) The action is also invariant 
under the /oca/ fermionic k, t] and lu transformations (3.105). 

Superparticle actions have also been constructed in [55]. Our results essentially agree 
with each other. Some apparent differences in fermionic symmetry transformations are 
presumably due to field redefinitions and symmetry transformations proportional to the 
equations of motion in [21]. 

We next describe the coupling of Yang- Mills background. To this end, it is convenient to 
work in the second-order formalism. Elimination of in (3.101) gives as we saw before 



The bosonic and fermionic symmetries of this action can be read off from (3.103) and 
(3.105) by making the substitution — > e~^(\l^ — An^ — Bm^). To couple super Yang- 
Mills background to this system, we introduce the fermionic variables ip^, r = 1,...,32, 
assuming that the gauge group is SO (32). The Yang- Mills coupling can then be introduced 
as 



(3.101). 




(3.126) 




(3.127) 



^We shall not the treat the realizations of the covariant algebra (3.46) here, but we refer 
the reader to [53, 57, 21] for their multi-superparticle realizations. 
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where are the coordinates of the (11, 3|32) superspace, and AjjJ is a vector superfield 
in that superspace. 

The torsion super two- form = dE^ can be read from the superalgebra (3.106) : 

= e'^ A (7"^-),^ v^e , = , (3.128) 

where the basis one-forms defined as e"^ = dZ^Eu^ satisfy 

de^ = e" A e'^ (7^'^^)„;3 v^e , cie" = , (3.129) 
and a,b,c, ... are the (11,3) dimensional tangent space indices. 

Using these equations, a fairly standard calculation shows that the total action I = 1^ + Ii 
is invariant under the fermionic gauge transformations provided that the Yang- Mills super 
two-form is given by 

F = A [ {'y'x)aVcb - 2(7(.A)« ] + |e'^ A e" F,, , (3.130) 

and that the transformation rules for e,A and B pick up the extra contributions. These 
contributions are determined by the requirement of the cancellation of the terms propor- 
tional to n^, n • n and 11 • m, respectively, in the fermionic variation of the total action. 

They are easy determine, but as their form is not particularly illuminating we shall not 
give them here (sec [53], for the case of supcrparticle in (10,2) dimensions). The fermionic 
field ip"^ must be assigned the fermionic transformation rule 

S^' = . (3.131) 

In (3.130), we have introduced the chiral spinor superfield Xa and the anti-chiral spinor 
superfield A. These fields and F must satisfy certain constraints so that the Bianchi identity 
DF = is satisfied. These constraints are [39] 
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= , m«F„6 = , (3.132) 

n«7„A = , m«7„A = , (3.133) 

n"L>„A = , m'^DaX = , (3.134) 

DaX^ = (YVFab , (3.135) 

DaX^ = \{r'^)jF^ Vcd , (3.136) 

L'^F^b = 27'^(L>[„x)a^b]c + 47[a(A] A)„ . (3.137) 



The above constraints are sufficient to solve the super Bianchi identity DF — 0, which can 
be shown [39] to yield the the super Yang-Mills system in (11,3) dimensions [34]. Special 
7-matrix identities similar to those required for the existence of the usual super p-branes 
are not needed here. In showing the vanishing of the term proportional to 6°" A A e'^, 
for example, it is sufficient to do a Fierz rearrangement, and use the constraints (3.133). 
One also find that the spinor superfield x is unphysical, as it drops out the equations of 
motion. 

The component form of the super Yang-Mills equations are [34] and were descussed before. 

In [34], an obstacle was encountered in extending the above construction of super Yang- 
Mills system to higher than 14 dimensions. For example, in (12,4) dimensions, while 
everything goes through in much the same fashion as in (11,3) dimensions, the super- 
symmetric variation of the Dirac equation gave rise to a term proportional to AA, which 
appeared to be non-vanishing, and hence problematic in obtaining the correct Yang-Mills 
equation. However, as has been observed in [56], this term actually vanishes due to the 
constraints (3.133). In fact, super Yang-Mills systems in (8 -|- n,n) dimensions, for any 
ncl have been constructed in [56]. More recently, an action for (10,2) dimensional super 
Yang- Mills, which can presumably be generalized to higher dimensions, has also been found 
[58]. 

We have presented simple action formulae for two- and three-superparticle systems in 
(10, 2) and (11, 3) dimensions, respectively. The symmetries of the action exhibit interest- 
ing generalizations of reparametrization and ^-symmetries. An action similar to (3.89)- 
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(3.90) can easily be constructed for the (11, 3) dimensional superparticle and it implies the 
(11, 3) dimensional super Yang- Mills equations [30]. We also expect that the action (3.89)- 
(3.90) can be generalized to obtain a heterotic string action and possibly other superbrane 
actions. 

The n particle models constructed here {n — 2,3) make use of n fermionic coordinates 
9i {i — l,...,n). The fact that they all transform by the same constant parameter e 
suggests that we can identify them: 6i — 6. It is also natural from the group theoretical 
point of view to associate the coordinates , 9a with the generators Pf, Qa- However, 
it is not necessary to do so, since there are sufficiently many local fermionic symmetries 
to give 8 physical fermionic degrees of freedom for each 9i . Thus, it does not seem to be 
crucial to have one or many fermionic variables. 

Another, and possibly more significant, feature of the models constructed here is that they 
involve multi-times, in the sense that fields depend on {i — 1, n) over which the action 
is integrated over. The derivatives occurring in the action come out to be the sum of these 
times, which indicates that any (pseudo) rotational symmetry among them is lost. One 
might therefore be tempted to declare the fields to depend on the single time t — ti-\- - ■ • Tn- 
Perhaps this is the sensible thing to do, however, we have kept the multi-time dependence 
here, partially motivated by the fact that our results may give a clue for the construction 
of an action that involves an (n, n) dimensional worldvolume. If an action can indeed be 
constructed for (n, n) brane, i.e. brane with an (n, n) dimensional worldvolume, one may 
envisage a 'particle limit' in which the spatial dependence is set equal to zero, yielding an 
(n, 0) dimensional worldvolume. If the worldvolume diffeomorphisms are to be maintained, 
then we may need to consider a term of the form PJf'daX-^ in the action, where a — 1, ...,n 
labels the {n, 0) worldvolume coordinates. It is not clear, however, how supersymmetry 
and K-symmetry can be achieved in this setting. 

Notwithstanding these open problems, one may proceed to view the coordinates (Ti,cri) 
and (t2, (72) as forming a (2, 2) dimensional worldvolume embedded in (10, 2) dimensions, 
in the case of a two-superstring system. Similarly, a three-superstring system would form 
a (3, 3) dimensional worldvolume embedded in (11, 3) dimensions. 
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It is of considerable interest to construct a string theory in (3, 3) dimensions which would 
provide a worldvolume for a (3,3) superbrane propagating in (11,3) dimensions [34], 
thereby extending the construction of [45, 46] a step further [30]. Indeed, a string the- 
ory in {n,n) (target space) dimensions has been recently constructed [30]. This theory 
is based on an = 2 superconformal algebra for the right-movers in (n, n) dimensions, 
and an = 1 superconformal algebra for the left-movers in (8+n,n) dimensions. The 
realizations of these algebras contain suitable number of constant null vectors, which arise 
in the expected manner in the algebra of supercharge vertex operators [67] . Furthermore, 
the massless states are expected to assemble themselves into super Yang-Mills multiplet 
in (8 -|- n, n) dimensions. Much remains to be done towards a better understanding of this 
theory, and its implications for the target space field equations that may exhibit interest- 
ing geometrical structures that generahze the self-dual Yang- Mills and gravity equations 
in (2,2) dimensions [81]. 

Further studies of supersymmetry in D > 11 may also be motivated by the fact that they 
contain both the type IIA and IIB supersymmetries of ten dimensional strings [52, 30]. 
Therefore, it would be interesting to find a brane-theoretic realization of the D > 11 
symmetries that would provide a unified framework for the description of all superstrings 
in (9, 1) dimensions. 

5. The model for n superparticles in {d — n,n) dimensions 

Consider supercharges Qa in {d — n, n) dimensions where n is the number of time-like 
directions [21]. Let the index a label the minimum dimensional spinor of SO{d — n,n). In 
the case of extended supersymmetry, the index labelling the fundamental representation 
of the automorphysm group is to be included. We will suppress that label for simplicity in 
notation. Quite generally, we can contemplate the superalgebra 



{Qa, Q/s} — Zap , 
[Zap, Zjs] — , 



(3.138) 
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where Z^p is a symmetric matrix which can be expanded in terms of suitable p-form gen- 
erators in any dimension by consulting Table 3 provided in Appendix A. The Z generators 
have the obvious commutator with the Lorentz generators, which are understood to be a 
part of the superalgebra. 

Next, consider dimensions in which the nth rank 7-matrix is symmetric ^. In (d — n, n) 
dimensions, setting the nth rank generator equal to a product of n momentum generators 
[8] and all the other Z generators equal to zero, one has 

{Qa, Qp] = {Y'-'-U Pi ■ ■ ■ C ■ (3-139) 

Motivations for considering these algebras have been discussed elsewhere (see [29, 53, 21, 
30], for example). The fact they can be realized in terms of multi-particle systems was 
pointed out in [54]. Supcrparticle models were constructed in [21] and [82], with emphasis 
on the cases of n = 2, 3. In [21] a multi-time model was considered in which a particle 
of type i = 1,2,3 depended on time Tj only As a special case, an action for a super- 
particle in the background of one or two other superparticles with constant momenta was 
obtained. In the model of [82], where single time dependence was introduced, a similar 
system was described. The results agree, after one takes into account the trivial symmetry 
transformations that depend on the equations of motion. 

These models were improved significantly in [83], where all particles are taken to have 
arbitrary (single) time dependence. In [83], it was observed that the theory had n first 
class fermionic constraints, but one fermionic symmetry was exhibited (or m of them for 
extended supersymmetry with N — 1, m). Furthermore, the form of the transformation 
rules given in [83] appear to be rather different than those found earher in [21] (albeit in 
the context of a restricted version of the model) . 

^For example, we can consider (n, n) and (8 + n, n) dimensions where one can have 
(pseudo) Majorana-Weyl spinors, or (4-|-n, n) dimensions where (pseudo) symplectic 
Majorana-Weyl spinors are possible. In the latter case, the tensor product of the anti- 
symmetric n'th rank 7-matriccs with the antisymmetric invariant tensor of the symplectic 
automorphysm group is symmetric. The spinors need not be Weyl, and thus we can con- 
sider other dimensions as well (see Appendix A). 
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Consider n superparticles which propagate in {d — n, n) dimensional spacetime. Let the 
superspace coordinates of the particles be denoted by XI^{t) and ^"(r) with i — 1, ...,n, 
II — 0,1,. ..,d — 1 and a — 1, ...,dimQ, where dim Q is the minimum real dimension 
of an SO{d — n,n) or SO{d — n,n) x G spinor, with G being the automorphysm group. 
Working in first order formalism, one also introduces the momentum variables Pl^ij) and 
the Lagrange multipliers ejj(r). 

The superalgebra (3.139) can be realized in terms of the supercharge 

Qa = de. + T^pe^ , (3.140) 
where, using the notation of [83], we have defined 

r = i p;i---p;:. (3.141) 

The spinorial derivative is defined as = d/dO"", acting from the right. The transforma- 
tions generated by the supercharges Qa are [83] 

5eX^ = -e Vte , 5^6 ^6, 6,Pt = , S^Cij = , (3.142) 
where, in the notation of [83], we have the definition 

V'^ — ^ ■ ^/*/^2---/in pi2 . . . pin ( O -\ AQ\ 

We use a convention in which all fermionic bilinears involve 7C-matrices with the charge 

conjugation matrix C suppressed, e.g. O'y'^^dO = 9"'{^i'^^C)ajsd6'^ . Otherwise (i.e. when 
there are free fermionic indices), it is understood that the matrix multiplications involve 
northeast-southwest contractions, e.g. {T6)a = {T)a^9i3. Note that 

Plyt = nv , vt dp; ^dr, p; dvf = (n - i)dr , (3.144) 

where d = d/dr. 
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The action constructed in [83] is given by 

I = ldT {PiJl^ - \e,iP;P^^) , (3.145) 

where 

nf = dXl^ + IWtde . (3.146) 

It should be noted that the hne element (3.146) is not invariant under supersymmetry, 
but it is defined such that P^H^ transforms into a total derivative as {^e^t) = (1 ~ 
n)d{e V9). Consequently, the action (3.145) is invariant under the global supersymmetry 
transformations (3.142). It also has the local bosonic symmetry 

5^e,, = dAij , 5^X>^ = KjP^^' , Sj,Pt = , 6j,e = , (3.147) 

where the transformation parameters have the time dependence Ajj(r). These transforma- 
tions are equivalent to those given in [83] by allowing gauge transformations that depend 
on the equations of motion. 

The action (3.145) is also invariant under the following ^-symmetry transformations 

s^xt = -evr{6j), 

5.Pt = 0, 

<^«e,,- = -^^R^,v^^-i,de . (3.148) 
In showing the ^-symmetry, the following lemmas are useful: 

p;(W) = (izn) r5A) + f(Wrd^fc, (3.149) 
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^YP; = M'^V^f'^, , (3.150) 

where 

^ij ^ pi^pj^ _ (3.151) 

A special combination of the transformations (3.148) was found in [83], where it was also 
observed that there is a total of n first class constraints in the model. The K-symmetry 
transformations given above realize the symmetries generated by these constraints. 

The commutator of two ^-transformations closes on-shell onto the A-transformations 

[^«(i)'^«(2)] = Si2) ' (3.152) 
with the composite parameter given by 

A<f ) = r . (3.153) 

It is clear that the remaining part of the algebra is [S^, S\] — and [5a^, Sa^] — . 
Finally, we note that the field equations following from the action (3.145) take the form 

p^^pj^^ ^ , dPl = , Tde^O , dX^ + OYtdO - ^jP^^" = . (3.154) 

The precise relation between the bosonic symmetry transformations (3.147), the /^-symmetry 
transformations (3.148), and those presented in [83] was found in [21]. 

In this section we have used a notation suitable to simple (i.e. A'^ = 1) supersymmetry 
in the target superspace. One can easily account the extended supersymmetry case by 
introducing an extra index A — 1, m for the fermionic variables, thereby letting e e^, 
9^9^ and — > k^*, etc. All the formulae of this section still hold, since no need arises 
for any Fierz rearrangements that might potentially put restrictions on the dimensionality 
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of the target superspace. 

So far we considered only realizations of superalgebras in terms of super 0-branes. In the 
next sections of this chapter we will discuss superstring models realized on superalgebras 
in dimensions beyond eleven. 



C. N — (2, 1) superstring in {n, n) dimensions 

It is also possible to describe super Yang-Mills theory in higher than (10, 2) dimensions. 
The (10, 2) dimensional super Yang-Mills theory can be derived from a critical heterotic 
string theory based on the = (2, 1) superconformal algebra [46, 84]. In this section we 
shall describe the underlying critical string theories of the super Yang-Mills theories in 
higher than (10, 2) dimensions [30] using a generalization of the heterotic N = (2, 1) string 
of [46, 67, 84, 85]. The model is based on an = 1 superconformal algebra for left-movers 
in (8 -|- n, n) dimensions and an = 2 superconformal algebra for right-movers in (n, n) 
dimensions. Both these algebras are extended with null currents ^. The null-extended 
= 1 algebra is reahzed in terms of free scalars X^^ and fermions ■0'^ and makes use of 
n — 1 mutually orthogonal null vectors 

viv^^ = Q, i,j = 1, ...,n- 1, /i = l,...,8 + 2n . (3.155) 
The left-moving N — 1 algebra is realized as 



T 
G 



V2 rdx%^ , 

vi dXf^ , 



(3.156) 
(3.157) 
(3.158) 
(3.159) 



^For a construction which uses null-extended A^ = (l, 1) superconformal algebras real- 
ized in (10,2) dimensions, see [86]. 
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The basic OPE's are X'^{z)X^{0) = -77'^^ log ^ and V'^(z)V'^(0) = -rji^^z'^ The OPE's of 
the energy momentum tensor T has central charge c — 12 + 3n, and its OPE's with the 
currents G, J\ F' imply that they have conformal spin |, 1, |, respectively. Thus, the ghost 
anomaly is Cg = -26 + 11 - (n - 1) x (2 + 1) = -(12 + 3n). 

The null-extended N — 2 algebra is realized in terms of scalars X'*, and fermions xp'^ and 
makes use of a real structure I// in {n, n) dimensions obeying 



V = W = ^M' /^ = l,-,2n, (3.160) 

where I^i, — I,/r]pv. The real structure has n eigenvectors of eigenvalue +1, and n eigen- 
vectors of eigenvalue —1. The crucial property of these eigenvectors that allows us to write 
down a critical algebra in (n, n) dimensions is that the inner products of two eigenvectors 
of the same eigenvalue vanishes. Hence, in particular all the eigenvectors are null. Pick 
{n — 2) of these null vectors, i;^, say of eigenvalue -|-1. They satisfy 

/mX = (3.161) 
vlvf: = 0, r,s = l,...,n-2 . (3.162) 

The right-moving N = 2 algebra is then realized as 

T = ~r^^.dX^dX^ + ]^r^^,rdr . (3-163) 
Gi = (ry^, ± V) rdX^ , (3.164) 

J = (3.165) 
r = vl dX" , (3.166) 

r = V''' ■ (3.167) 

The energy momentum tensor T has central charge c = 3n, and its OPE's with the currents 
Gi, J, J'',r imply that they have conformal spin |,1,1,|, respectively. Note that the 
closure of the algebra requires the eigen property of the vectors ¥ as well as their nuUness. 
Hence, in this case the ghost anomaly is assumes the critical value Cg — —26 -\-2 x 11 — 
2-(n-2)(2 + l) = -3n. 
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Following the usual BRST quantization scheme one constructs the right-moving super- 
charges [46, 67]: 

Q^ = jdz^ghS^, (3.168) 

where are the right-moving spin fields of ipl^, and T^gh = exp(— 0/2 — 0i/2 — ■ 0„_i/2) 

is the spin field of the commuting ghosts. The index A labels the Major ana spinor of 
0(8 + n,ri). The single- valuedness of OPE algebra of fermionic vertex operators in the 
Ramond sector require that -S"^, and therefore Q^, are Majorana-Weyl. 

BRST invariance requires the null-conditions 

^.g = 0, i = (3.169) 

The standard form of the target space superalgebra is obtained by considering the anti- 
commutator of (3.168) with its picture-change Q': 

Q' ^ZZi---Zr,-iQ , (3.170) 

where ZX = {Qbrst,^X} is the picture changing operation built from the BRST charge 
and the zero-modes of the {Crj) systems used for bosonizing the commuting 

ghosts. The supercharges (3.168) and (3.170) obey the algebra {Q^, Q'^} — Hi - ■ ■ i>n-if)AB^ 
which reduces to 

{Qi, Q'b) = {i''-'-)ab < • • • vl:\P,^ (3.171) 
in the BRST-invariant sector. The case of n = 2 has also been discussed in [85] . 

The spectrum of states depend on the choices for the null vectors Vi and ¥. The choices for 
break SO{n, n) down to SO{2, 2), and the choices for Vi break SO{2, 2) down to SO{2, 1) 
or less. Generically, one obtains massless states which assemble into a super Yang-Mills 
multiplet in (8 -|- n, n) dimensions, which effectively has the 8-1-8 degrees of freedom of 
the usual (9, 1) dimensional super Yang-Mills, after all the physical states conditions are 
imposed (see [46, 67] for the n = 2 case). There is a subtlety in the present case, however, 
having to do with the spectral flows induced by the null-currents in the left-moving sector. 
They shift the (nonchiral) (n, n) dimensional momentum with multiples oivr- The physical 
state conditions then force Vr to be orthogonal to Vi. 
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We do not yet know the exact feature of the target space field theory. We expect, however, 
that it will be of the kind studied in [68], where the Yang- Mills field strength satisfies a 
generalized self-duality condition. 

In this chapter we discussed particle and string realizations of different superalgebras. 
Using alternative interpretation of the brane charges we considered superparticle with 
brane-charge coordinates realizing super Poincare algebra with brane charges. In the next 
chapter we will study properties of supersymmetric field theories that have supersymmetry 
generated by the superalgebra with brane charges. We will see that the quantization of 
0-brane models gives us a lot of information about properties of the unknown field theory. 
In this chapter we also discussed realization of nonlinear deformed finite-dimensional su- 
peralgebras in dimensions beyond eleven. Those superalgebras and 0-branc models could 
be useful for understanding the unification of type IIA/B , heterotic theories as well as for 
describing properties of F-theory. Here we have to notice that in the later case full analysis 
of representation as well as field theory of nonlinear-deformed algebras of this kind is not 
known yet and consistent superparticle models could shed some light on this subject. 
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CHAPTER IV 

QUANTIZATION 
A. Quantization of pEirticle in twistor-like coordinates 

In this chapter we will study quantization of models discussed in the first section of previ- 
ous chapter [27]. The main goal is to study spectrum and equations of motion coming from 
quantization of particle mechanics and then identify them with spectrum and linearized 
equations of motion of underlined field theory. As we mentioned before, if the field theory, 
that realizes some particular given superalgebra, is not known, it is possible to find its 
spectrum and equations of motion using correspondence between quantized particle me- 
chanics and linearized field theory. As we will see this method is useful for identifying 
spectrum and properties of linearized M-theory. Starting from superalgebra with brane 
charges we use realization in terms of superparticle with central charge coordinates and 
then quantization of this model gives us a filed-theory realization of M-theory superalge- 
bra. Here we will argue that this underlined field theory could be associated with linearized 
perturbative version of M-theory. It is important to notice that we do not have to consider 
low energy limit, as for the case of eleven dimensional supergravity, that is low energy 
limit of M-theory. The same methods we will apply for four dimensions where we will 
study spectrum and linearized equations of motion of unknown field theory that realized 
superalgebra with brane charges. 

But before we consider particle with brane charges, we have to develop a methods of 
quantization of complicated systems of 0-brancs with central charge coordinates. To start 
with, we will discuss quantization of similar but bosonic models with twistor variables [87]. 
Why do we have to use twistors? When one wants to apply covariant BRST quantization 
and use Hamiltonian analysis, one may have mixture of second and first class constraints 
without possibility to solve or decompose them covariantly. In this case twistors and 
conversion procedure, discussed in this and next chapter appear extremely useful. 

In the last decades there has been an intensive activity in studying (super)particles and 
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(super) strings by use of different approaches aimed at finding a formulation, which would 
be the most appropriate for performing the covariant quantization of the models. Almost 
all of the approaches use twistor or spinorial variables in one form or another [88] - [105] 
and [78]. This allowed one to better understand the geometrical and group-theoretical 
structure of the theory and to carry out a covariant Hamiltonian analysis (and in some 
cases even the covariant quantization) of (supcr)particlc and (supcr)string dynamics in 
space-time dimensions D = 3,4,6 and 10, where conventional twistor relations take place. 

It has been shown that twistor-like variables appear in a natural way as superpart- 
ners of Grassmann spinor coordinates in a doubly supersymmetric formulation [106] of 
Casalbuoni-Brink-Schwarz super particles and Green-Schwarz superstrings [107], the no- 
torious fermionic /t-symmetry [108] of these models being replaced by more fundamental 
local supersymmetry on the worldsheet supersurface swept by the superparticles and su- 
perstrings in target supcrspace [91] and for recent review see [92]. This has solved the 
problem of infinite reducibility of the fermionic constraints associated with ^-symmetry 
^. As a result new formulation and methods of quantization of D — 4 compactifications 
of superstrings with manifest target-space supersymmetry have been developed (see [109] 
for a review). However, the complete and simple solution of the problem of SO{l, D — 1) 
covariant quantization of twistor-like superparticles and superstrings in D > 4 is still 
lacking. 

To advance in solving this problem one has to learn more on how to deal with twistor-like 
variables when performing the Hamiltonian analysis and the quantization of the models. 
In this respect a bosonic relativistic particle in a twistor-like formulation may serve as the 
simplest but rather nontrivial toy model. 

The covariant quantization of the bosonic particle has been under intensive study with 
both the operator and path-integral method [89, 94, 99, 100, 110, 111, 112, 113]. In the 
twistor-like approach the bosonic particle has been mainly quantized by use of the operator 
formalism. For that different but classically equivalent twistor-like particle actions have 
been considered [89, 94, 99, 100, 114]. 



^A comprehensive list of references on the subject the reader may find in [105] 
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The aim of the next section is to study some features of bosonic particle path-integral 
quantization in the twistor-like approach by use of the BRST-BFV quantization prescrip- 
tion [115] - [117]. In the course of the Hamiltonian analysis we shall observe hnks between 
various formulations of the twistor-like particle [89, 91, 114] by performing a conversion 
of the Hamiltonian constraints of one formulation to another. A particular feature of the 
conversion procedure [118] applied to turn the second-class constraints into the first-class 
constraints is that the simplest Lorentz-covariant way to do this is to convert a full mixed 
set of the initial first- and second-class constraints rather than explicitly extracting and 
converting only the second-class constraints. Another novel feature of the conversion pro- 
cedure applied below (in comparison with the conventional one [117, 118]) is that in the 
case of the D — A and D — 6 twistor-like particle the number of new auxiliary Lorentz- 
covariant coordinates, which one introduces to get a system of first-class constraints in 
an extended phase space, exceeds the number of independent second-class constraints of 
the original dynamical system, (but because of an appropriate amount of the first-class 
constraints we finally get, the number of physical degrees of freedom remains the same). 
Here we will follow [87]. 

Notation. We use the following signature for the space-time metrics: (-I-, — , — ). 



The dynamics of a massless bosonic particle in D=3,4,6 and 10 space-time can be described 
by the action [89] 



where x'^{t) is a particle space-time coordinate, A"(t) is an auxiliary bosonic spinor vari- 
able, the dot stands for the time derivative ^ and 7"* are the Dirac matrices. 

The derivation of the canonical momenta ^ 



1. Classical Hamiltonian dynamics and the BRST-charge 




(4.1) 



^In what follows P^"^ denotes the momentum conjugate to the variable in the brackets 
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~ ' ^a^^ ~ results in a set of primary constraints 



*m = - lihmX) ^ 0, 



P^^) ^ 0. 



(4.2) 



They form the following algebra with respect to the Poisson brackets^ 



(4.3) 



One can check that new independent secondary constraints do not appear in the model. 
In general, Eqs. (4.2) are a mixture of first- and second-class constraints. The operator 
quantization of this dynamical system in D = 4 (considered previously in [94, 99]) was 
based on the Lorentz-covariant splitting of the first- and second-class constraints and on 
the subsequent reduction of the phase space (either by explicit solution of the second- 
class constraints [99] or, implicitly, by use of the Dirac brackets [94]), while in [98, 100] 
a conversion prescription [117, 118] was used. The latter consists in the extension of the 
phase space of the particle coordinates and momenta with auxiliary variables in such a 
way, that new first-class constraints replace the original second-class ones. Then the 
initial system with the second-class constraints is treated as a gauge fixing of a "virtual" 
[117] gauge symmetry generated by the additional first-class constraints of the extended 
system [117, 118]. This is achieved by taking the auxihary conversion degrees of freedom 
to be zero or expressed in terms of initial variables of the model. 

The direct application of this procedure can encounter some technical problems for systems, 
where the first- and second-class constraints form a complicated algebra (see, for example, 
constraints of the D — 10 superstring in a Lorentz-harmonic formulation [101]). Moreover, 

^The canonical 
Poisson brackets are 
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in order to perform the covariant separation of the first- and second-class constraints in 
the system under consideration it is necessary either to introduce one more independent 
auxihary bosonic spinor /i^ (the second component of a twistor = (X°',ij,a) [88]) or to 
construct the second twistor component from the variables at hand by use of a Penrose 

relation [88] /x" = ix°"^Xa (-0 = 4), /i" = x^^Ag {D = 3). In the latter case the structure 
of the algebra of the first- and second-class constraints separated this way [93, 94] makes 
the conversion procedure rather cumbersome. To elude this one can try to simplify the 
procedure by converting into the first class the whole set (4.2) of the mixed constraints. 
The analogous trick was used to convert fermionic constraints in superparticle models 



Upon carrying out the conversion procedure we get a system characterized by the set of 
first-class constraints Tj that form (at least on the mass shell) a closed algebra with respect 
to the Poisson brackets defined for all the variables of the modified phase space. In order 
to perform the BRST-BFV quantization procedure we associate with each constraint of 
Grassmann parity e the pair of canonical conjugate auxiliary variables (ghosts) rji, P}^^ 
with Grassmann parity e + 1 ^. The resulting system is required to be invariant under 
gauge transformations generated by a nilpotent fermionic BRST charge Q. This invariance 
substitutes the gauge symmetry, generated by the first class constraints in the initial phase 
space. The generator is found as a series in powers of ghosts 



where the structure of higher-order terms reflects the noncommutative algebraic structure 
of the constraint algebra [116]. Being the generator of the BRST symmetry Q must be a 
dynamical invariant: 



[114, 119]. 



Q = rjiTi + higher order terms, 



(4.4) 



(4.5) 



^If the extended BRST-BFV method is used, with each constraint associated are also 
a Lagrange multiplier, its conjugate momentum of Grassmann parity e and an antighost 
and its momentum of Grassmann parity e + 1 (see [115, 116] for details). 
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where if is a total Hamiltonian of the system, which has the form 



(4.6) 



In (4.6) Hq is the initial Hamiltonian of the model and x is a gauge fixing fermionic function 
whose form is determined by admissible gauge choices [100, 110, 112, 113, 121]. 

Upon quantization Q and H become operators acting on quantum state vectors. The 
physical sector of the model is singled out by the requirement that the physical states are 
BRST invariant and vanish under the action of Jl. Another words, we deal with a quantum 
gauge theory. 

When the gauge is fixed, we remain only with physically nonequivalent states, and the 
Hamiltonian H is argued to reproduce the correct physical spectrum of the quantum theory. 

When the model is quantized by the path-integral method, we also deal with a quan- 
tum gauge theory. The Hamiltonian (4.6) is used to construct an effective action and 
a corresponding BRST-invariant generating functional which allows one to get transition 
amplitudes between physical states of the theory. 

Below we consider the conversion procedure and construct the BRST charge for the twistor- 
like particle model in dimensions — 3,4 and 6. 

D=3 

In D = 3 the action (4.1) is rewritten as 



where A" is a real two-component commuting spinor (spinor indices are risen and lowered 




(4.7) 



by the unit antisymmetric tensor e^/j) and Xa/s — a:^7^. 



The system of primary constraints (4.2) 
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= pS - Pi'^ ^ 0, (4.8) 

is a mixture of a first-class constraint generating the r-reparametrization transformations 
of X 

<P = A-P^^A^ (4.9) 

and four second-class constraints 

(AP(^)), (//P(-V) - (A//)^ (//P(^)), (AP(-V), (4.10) 
where jj,"' = x ""^X/s (see [94] for details). 

In order to perform a conversion of (4.8) into a system of first-class constraints we introduce 
a pair of canonical conjugate bosonic spinors (C", Pg^^), [Pp'\C'^]p — ^p, and take the 
modified system of constraints, which is of the first class, in the following form: 

= PS - (Aa - Ca)(A^ - C), K - Pi'^ + Pi'^- (4.11) 

Eqs. (4.11) reduce to (4.8) by putting the auxiliary variables and Pjf^ equal to zero. 
This reflects the appearance in the model of a new gauge symmetry with respect to which 
and P^^) are pure gauge degrees of freedom. 

It is convenient to choose the following phase-space variables as independent ones: 

A« + C«, Pi"^ = ^(Pi') + PP), 

(4.12) 



P^"") ^ 0. (4.13) 



v-^r-C, Pi''^ = ^{Pi'^-PP), 



Then Eqs. (4.11) take the following form 



Kb = PaB - VaVp, 
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These constraints form an Abelian algebra. 

One can see that variables do not enter the constraint relations, and their conjugate 
momenta are zero. Hence, the quantum physical states of the model will not depend on 
. 

Enlarging the modified phase space with ghosts, antighosts and Lagrange multipliers in 
accordance with the following table 



Constraint Ghost Antighost Lagrange multipher 

^'^p ga/3 ga/3 

p{w) ja 



we write the classical BRST charges [115, 116] of the model in the minimal and extended 
BRST-BFV version as follows 



Q„,„ = c"%^„ + 6"Pi"'), (4.14) 

n = P^^P(-)^- + pW"py) + ilrnin. (4.15) 



D=4 



In this dimension we use two-component SL{2, C) spinors (A'' = e^'^A/j; A'* = e'^^'^p, oi,di — 
1,2; e^^ = —621 = 1)- Other notation coincides with that of the D — ?, case. Then in 
D — A the action (4.1) can be written as following 



S^^l drX^'xaaX'^, (4.16) 

where Xaa = ^m.o'aay ^.ud 0"^ are the relativistic Pauli matrices. The set of the primary 
constraints (4.2) in this dimension 
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p(^) — \ .\ ~ n 



(4.17) 



(4.18) 




(4.19) 



contains two first-class constraints and three pairs of conjugate second-class constraints 
[94, 93] . One of the first class constraints generates the r-reparametrization transformations 
of x"" 



The form of the second-class constraints is analogous to that in the D=3 case (see Eq. 
(4.10) and [94]), and we do not present it explicitly since it is not used below. 

To convert the mixed system of the constraints (4.18) into first-class constraints one should 
introduce at least three pairs of canonical conjugate auxiliary bosonic variables, their num- 
ber is to be equal to the number of the second-class constraints in (4.18). However, since we 
do not want to violate the manifest Lorentz invariance, and the D = A Lorentz group does 
not have three-dimensional representations, we are to find a way round. We introduce two 
pairs of canonical conjugate conversion spinors P^^), [C", P0'^]p = — <^^) [C") -^j^^]^' — 
— (i.e. four pairs of real auxiliary variables) and modify the constraints (4.18) and the 
U{1) generator, which becomes an independent first-class constraint in the enlarged phase 
space. Thus we get the following system of the first-class constraints: 



= a-p^Ja", 



(4.20) 



and another one generates U{1) rotations of the complex spinor variables 



C/ = i(A"P^^) - A"Pi^^). 



(4.21) 
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<d = ^S-(A-C)d(A-C)a«^0, (4.22) 
^a^Pi^^ + Pi^^^O, (4.23) 
$^ = Pp + Pp«^0, (4.24) 

U = i(A"pW + ^«p^C) _ ^apW _ ^"p^«)). (4.25) 

One can see (by direct counting), that the number of independent physical degrees of 
freedom of the particle in the enlarged phase space is the same as in the initial one. The 
latter is recovered by imposing gauge fixing conditions on the new auxiliary variables 

r = 0, r = 0, PP=0, PP-O. (4.26) 

By introducing a new set of the independent spinor variables analogous to that in (4.13) 
one rewrites Eqs. (4.23) as follows 

Ka-P^J-VaVa^O, C/ = z(P(''V - P^V), (4.27) 

P^"')^ ~ 0, Pf ^ fti 0. (4.28) 

Again, as in the D = 3 case, Wa, Wa and their momenta decouple from the first pair of 
the constraints (4.28), and can be completely excluded from the number of the dynamical 
degrees of freedom by putting 

Wa = Xa + Ca = 0, P^^'^a = ^(^^'^a + P^'^^ a) = (4.29) 

in the strong sense. This gauge choice, which differs from (4.26), reduces the phase space 
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of the model to that of a version of the twistor-hke particle dynamics, subject to the first 
pair of the first-class constraints in (4.28), considered by Eisenberg and Solomon [114]. 
The constraints (4.28) form an abehan algebra, as in the D — 3 case. In comphance with 
the BRST-BFV prescription we introduce ghosts, antighosts and Lagrange multipliers 
associated with the constraints (4.28) as follows 



Constraint 


Ghost 


Antighost 


Lagrange multiplier 


aa 


^aa 


gda 


gda 


u 


a 


d 


9 


p{w) 
a 


6" 




fa 


d 


&° 


-a 
b 


r 



Then the BRST-charges of the D — 4 model have the form 

Qrnin = c""*„A + b'^P^r^ + b'^P^^^ + aU, (4.30) 
O = Pil^P(')"" + P^'^P^f'^'' + p]*)p(/)" + p(«)p(s) + (4.31) 

D=6 

In D = 6 a light-like vector can be represented in terms of commuting spinors as 
follows 

= A?7r^A^\ (4.32) 

where A° is an S'f/(2)-Majorana-Weyl spinor which has the 5't/*(4) index a = 1,2,3,4 
and the SU{2) index i = 1, 2. 7^ are D = Q analogs of the Pauli matrices (see [120, 95]). 
SU{2) indices are risen and lowered by the unit antisymmetric tensors e^j, e^^ . As to the 
5'C/*(4) indices, they can be risen and lowered only in pairs by the totally antisymmetric 
tensors e^p^s, e""^^^ (61234 = 1)- 
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Rewriting the action (4.1) in terms of 5'C/(2)-Majorana-Weyl spinors, one gets 

S^^ldTx"^XnimUX^\ (4.33) 

The system of the primary constraints (4.2) takes the form 

= P^^J - eaf3^sXlX'\ P^^^\ ^ 0, (4.34) 

where P^^ — -P^^72^. is antisymmetric in a and /3 and contains six independent 

components. (To get (4.34) we used the relation (7m)a/37^ ~ ^aii-ys)- 

From Eqs. (4.34) one can separate four first-class constraints by projecting (4.34) onto A" 
[93, 95]. One of the first-class constraints generates the r-reparametrizations of x"^ 

ct>^XtP^:^X^\ (4.35) 
and another three ones form an SU (2) algebra 

T^, = >^P^. (4.36) 

Braces denote the symmetrization of i and j. All other constraints in (4.34) are of the 
second class. 

The conversion of (4.34) into first-class constraints is carried out by analogy with the D — A 
case. According to the conventional conversion prescription we had to introduce five pairs 
of canonical conjugate bosonic variables. Instead, in order to preserve Lorentz invariance, 
we introduce the canonical conjugate pair of bosonic spinors Cf , Pa^' {[Pa^\ Cf ]p = ^a^]:) 
modify the constraints (4.34) and the SU{2) generators. This results in the set of inde- 
pendent first-class constraints 
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= pW' + piOi ~ 0, (4.37) 



In terms of spinors and w", and their momenta, defined as in the D = ?> case (4.13), 
they take the following form 

= Pap - eaP,5V^v'' « 0, 



T^J = ^r^^S « 0, (4.38) 



These constraints form a closed algebra with respect to the Poisson brackets. The only 
nontrivial brackets in this algebra are 

[Tij, Tkilp — €jkTii + euTjk + eikTji + ejiTi^, (4.39) 
which generate the SU (2) algebra. 

We introduce ghosts, antighosts and Lagrange multiphers related to the constraints (4.39) 
Constraint Ghost Antighost Lagrange multipher 



ap 




Cap 


ga/3 


T 






gij 


a 


bf 


K 





and construct the BRST charges corresponding respectively, to the minimal and extended 
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BRST-BFV version, as follows 

^min = C'^^c. + b^Pi^^' + d^T^i+ (4.40) 

K^jk^il +^ilPjk +^ikPjl +(^jlPik • 

Higher order terms in ghost powers appear in (4.40) and (4.41) owing to the noncommu- 
tative SU{2) algebra of the Tij constraints (4.39). 

2. Path Integral Quantization 
Admissible gauge choice 

One of the important problems in the quantization of gauge systems is a correct gauge 
choice. In the frame of the BRST-BFV quantization scheme gauge fixing is made by an 
appropriate choice of the gauge fermion that determines the structure of the quantum 
Hamiltonian. The Batalin and Vilkovisky theorem [115, 116] reads that the result of path 
integration does not depend on the choice of the gauge fermions if they belong to the 
same equivalence class with respect to the BRST-transformations. An analogous theorem 
takes place in the operator BRST-BFV quantization scheme [113]. Further analysis of this 
problem for systems possessing the reparametrization invariance showed that the result of 
path integration does not depend on the choice of the gauge fermion if only appropriate 
gauge conditions are compatible with the boundary conditions for the parameters of the 
corresponding gauge transformations [100, 111, 112, 113, 121]. In particular, it was shown 
that the so-called "canonical gauge" , when the worldhne gauge field of the reparametriza- 
tion symmetry of the bosonic particle is fixed to be a constant, is not admissible in this 
sense, (see [100, 112] for details). Anyway one can use the canonical gauge as a consistent 
hmit of an admissible gauge [113]. 
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Making the analysis of the twistor-hke model one can show that admissible are the following 
gauge conditions on Lagrange multipliers from the corresponding Tables of the previous 
section in the dimensions D — 3, A and 6 of space-time, respectively, 

D = 3: e^'^^O; = 0; (4.42) 



L» = 4: e'^^^O; = 0; = 0; ^ = 0; (4.43) 

D = 6: e°^^ = 0; /f = 0; g'^ ^ 0; (4.44) 

The canonical gauge 

e = constant, (4.45) 

can be considered as a limit of more general admissible gauge e — ee — constant (at £ — > 0) 
[113]. Then the use of the gauge condition (4.45) does not lead to any problems with the 
operator BRST-BFV quantization. 

Below we shall use the "relativistic" gauge conditions (4.42), (4.43) and (4.44) for the 
path-integral quantization. The use of the canonical gauge (4.45) in this case would lead 
to a wrong form of the particle propagator. 

Path— integral BRST quantization 

In this section we shall use the extended version of the BRST-BFV quantization procedure 
[116, 117] and fix the gauge by applying the conditions (4.42), (4.43), (4.44). The gauge 
fermion, corresponding to this gauge choice, is 

XD^^P^^e"^, L> = 3,4,6, (4.46) 
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The Hamiltonians constructed with (4.46) are [115, 116] 

= e-(Pi-) - \v"{imUvP) - Pir^P^^)"^, (4.47) 
H, = e"^(Pi^) - \r{am)c.o.v'') - Pi^)p(^)"^, (4.48) 

H, = e-(Pi-) - \vt{^m)apvP') - Pir^P^^^'", (4.49) 

We shall calculate the coordinate propagator Z = (x^ \ Uq \ x™) (where Uq = expiH(Ti — 
T2) is the evolution operator), therefore boundary conditions for the phase space variables 
are fixed as follows: 



a;'"(Ti) = < , a;™(T2) = x™, (4.50) 

the boundary values of the ghosts, antighosts and canonical momenta of the Lagrange 
multipliers are put equal to zero (which is required by the BRST invariance of the boundary 
conditions [116]), and we sum up over all possible values of the particle momentum and 
the twistor variables. 

The standard expression for the matrix element of the evolution operator is 

Zd^ j [DixDP^]Dexp{i dT{[P''fi]D - Hd)), P* = 3, 4, 6. (4.51) 

[DijlDP^^]d contains functional Liouville measures of all the canonical variables of the BFV 
extended phase space [115]. [P^/i]i5 contains a sum of products of the canonical momenta 
with the velocities. 
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For instance, an explicit expression for the path-integral measure in the D — 3 case is 

DhDP^^^DcDP^''^DhDP^^^DcDP^^. 

We can perform straightforward integration over the all variables that are not present in 
the Hamiltonians (4.47), (4.48), (4.49) ^. Then (4.51) reduces to the product of two terms 

Zd = IdGd. (4.52) 

where 

Gd^ j DcDP^'^'^DcDP^^expii j^' driP^^c"" + Pj^^c" - ^Pj^^ P^"^"")) , (4.53) 

and Id includes the integrals over bosonic variables entering (4.47), (4.48), (4.49) together 
with their conjugated momenta. We use the method analogous to that in [122] for com- 
puting these integrals. 

The calculation of the ghost integral Gd results in 

Gd = (AT)^, AT^T2-Ti, D = 3,4,6. (4.54) 
Let us demonstrate main steps of the Id calculation in the D — 3 case 

73 = / [DpiDP'^]exp{i Q driP^^x^ + P^^^'e^ + P^J^^ - e^(Pj^^ - ^v"{^m)af5V^)) (4.55) 

Integration over P^^ and P^^ results in the functional 5-functions 5(e), S{v) which reduce 
functional integrals over e™ and to ordinary ones: 

^AU calculations are done up to a multiplication constant, which can always be absorbed 
by the integration measure. 
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(4.56) 

where Ax"* = x'^ — x'^ (4.50). Since the integral over is a usual Gauss integral after 
integrating over x"^ and f " one obtains 

73 = / d^pd'e^=L==expiiip,^Ax^ - e>^AT)). (4.57) 
In general case of D = 3, 4 and 6 dimensions, one obtains 

Id^ f d^'pd^'e- L^_exp{t{pmAx^ - e>^AT)), (4.58) 

J (e"^e^-iO) — 

that can be rewritten as 

/roo 2 
d^pd^e dc exp{i{pmAx^ - e'^PmAT + (e'^e^ - iO)c^)), (4.59) 

where c is an auxiliary variable. 
Integrating over p"^ and e"* one gets 

Zn= dc^exp{i — ^-cO), D = 3,4,6, (4.60) 



or 

Zd 



(Aa;"^Ax^ -iO) — 

which coincides with the coordinate propagator for the massless bosonic particle in the 
standard formulation [112]. 

On the other hand integrating (4.58) only over e™ we get the massless bosonic particle 
causal propagator in the form 



Zn = / d^p expiipmAx^) . 
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Comment on the D — 10 case 

Above we have restricted our consideration to the space-time dimensions 3, 4 and 6. The 
case of a bosonic twistor-hke particle in = 10 is much more sophisticated. The Cartan- 
Penrose representation oi a D — 10 hght-hke momentum vector is constructed out of a 
Majorana-Weyl spinor A° which has 16 independent components 

Transformations of A" which leave (4.61) invariant take values on an S*^- sphere (sec 
[114, 90, 100] and references therein). In contrast to the D = 4 and D = 6 case, where such 
transformations belong to the group U{1) ~ (4.28) and SU{2) ~ (4.37), respectively, 
S'^ is not a Lie group and its corresponding algebra contains structure functions instead of 
structure constants. Moreover, among the 10 constraints (4.61) and 16 constraints P^"^^ = 
on the momenta conjugate to and A° 18 = 10 + 16 — 1 — 7 (where 7 comes from S"^ 
and 1 corresponds to local r-reparametrization) are of the second class. They do not form 
a representation of the Lorentz group and cause the problem for covariant Hamiltonian 
analysis. 

One can overcome these problems in the framework of the Lorentz-harmonic formalism (see 
[101, 105] and references therein), where to construct a light-hke vector one introduces eight 
Majorana-Weyl spinors instead of one A°. Such a spinor matrix takes values in a spinor 
representation of the double covering group 5'pm(l,9) of SO{l,%) and satisfies second- 
class harmonic conditions. The algebra of the constraints in this "multi-twistor" case is 
easier to analyze than that with only one commuting spinor involved. The path-integral 
BRST quantization of the D = 10 twistor-like particle is in progress. 

In the present section the BRST-BFV quantization of the dynamics of massless bosonic 
particle in D = 3, 4, 6 was performed in the twistor-like formulation. To this end the 
initially mixed system of the first- and second-class constraints was converted into the 
system of first-class constraints by extending the initial phase space of the model with 
auxiliary variables in a Lorentz-covariant way. The conversion procedure (rather than 
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having been a formal trick) was shown to have a meaning of a symmetry transformation 
which relates different twistor-like formulations of the bosonic particle, corresponding to 
different gauge choices in the extended phase space. 

We quantized the model by use of the extended BRST-BFV scheme for the path-integral 
quantization. As a result we have presented one of the numerous proofs of the equivalence 
between the twistor-like and conventional formulation of the bosonic particle mechanics. 

This example demonstrates peculiar features of treating the twistor-hke variables within 

the course of the covariant Hamiltonian analysis and the BRST quantization, which one 
should take into account when studying more complicated twistor-like systems, such as 
superparticles and superstrings. 

In the next section we will use methods developed in this section for the case of quantization 
of superparticle with central charge coordinates. 

B. Quantization of the massive/massless particle with central charge coor- 
diantes 

In this section we will discuss quantization of the model described by Lagrangian (3.8) in 
its spinorial form, i.e. (3.24) as in [27]. This quantization is different from one considered 
before [22] in the sense that it is possible to have universal model which includes massive 
as well as massless cases. Usually quantization of massive particle is quite different from 
massless one, for example for ordinary Brink-Schwarz superparticle massless model possess 
K symmetry but massive does not. That is why in the massive case one does not have 
mixture of first and second class constraints. Therefore, for massive case, it is much easier to 
quantize the system and the problem of infinite reducibility of k symmetry does not appear. 
In the Universal model described by (3.8) in most general case massive superparticle can 
have K-symmetry which is given by (3.12). The only difference in massive and massless case 
is that the number of k symmetries is different and is given by the rank of Pap- First, we 
will start from Hamiltonian analysis of constraints and then proceed to Dirac quantization. 
It is also possible to consider covariant BRST quantization but in this section we will omit 
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it. Introduce P"^ as momentum conjugated to e^/j, and as momentum for 9a- The 
constraints for the action 

1 = jdr (Pap n"^ + \eap {P^yP) , (4.62) 

are 

P°/3 = 0, (P^)°^ = 0, = + = 0. (4.63) 

The first two are bosonic first-class constraints and the last one is fermionic mixture of first 
and second class constraints. Using usual terminology we call constraint of a first class 
if Poisson brackets of it with all other constraints give either zero or another constraint 
otherwise constraint is of the second class. Second constraint in (4.63) does not mean that 
particle is massless. It could be massive and solving P^^ = give equations connecting 
components of P^ and tensorial momenta. To see that start from 

{*a,*;3} = 2P„;3. (4.64) 

Then rank of P^p is equal to number of second class constraints and {N — rank{P)) is 
number of first class constraints, which generate k - symmetry. The problem of quantization 
is not only existence of second class constraints, but also covariant separation of first class 
from second one. The same situation appears for ordinary superparticle. To solve this 
problem one can make a change of variables and consider system classically equivalent to 
previous one. To start with let's introduce s commuting spinors where i runs from 1 to 
s, a — 1,...,N and s < N/2. Then P^p can be chosen directly in form satisfying second 
equations in (4.63): 

Pa/3 = A^A^, (4.65) 

where X^X^" = 0. In this case rank of P is equal to s. Equation (4.65) is generalization 
of Penrose twistor decomposition of massive momentum in four dimensions. Also it is 
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possible to connect A to spinorial Lorentz harmonics as it was shown in (3.37). 
Using (4.65), the Lagrangian of superparticle is taking the form (3.24): 

L = A'^A^n'^^, (4.66) 

where 11"^ — dX"^ — 9^"d9^\ This Lagrangian describes massive as well as massless 
superparticle with central charge coordinates in any dimension and it's much easier to 
quantize it. 

The constraint system for Lagrangian (4.66) is 

= 0, (Pap = PaP - A^A^ = 0, *a = Pa - = 0, (4.67) 

where all constraints are mixture of first and second class. After studying properties of 
constraints we can proceed to quantization of the model. 

To quantize the model of superparticle with central charge coordinates (3.8) which is 
described by the constraints (4.67) we will use the method of conversion , see [123] for recent 
review and geometrical description of the conversion . The problem with quantization of 
the system (4.67) is the following. The constraint system is a mixture of the first and 
second class constraints and it's impossible to separate them covariantly. That is why we 
prefer to convert them to the first class constraints only. 

Usually, conversion is applied for the second class constraints only but the conversion in 
mixture could be quite useful, sec [87] and references there in. The meaning of conversion 
is that one extends phase space of the theory by introducing additional variables, number 
of which should coincide with number of new first class constraints. Then starting from 
extended phase space, one can reduce this extended space to one equivalent to initial phase 
space. Therefore, as a result, all constraint are going to be of the first class, moreover, 
some variables will not participate in the theory. Or, geometrically, [123] one start from 
symplectic manifold M which can be represented as some fibre bundle U restricted by 
the second class constraints condition. Then, to convert second class constraints into the 
first one we extend phase space to direct sum of U and tangent bundle TM. Now all 
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constraints are of the first class . Tfie conversion appeared extremely effective not only in 
particle models but also in the case of field theories in different dimensions as well as for 
strings and membranes in B-field [124] and references therein. 

To convert the system of constraints into first class we introduce additional bosonic vari- 
ables 77^ and fermionic ones such that 

Pa^' - Pa^' = 0, (4-68) 
= Pa/3 - {K + + 77^) = 0, (4.69) 

^.^P.- PapO^ + CiK + rfa) = 0, (4.70) 

where {C^C^} — '^^^^ ■ We see that in set of all constraints (4.68) - (4.70) momenta, 
corresponding to (A — 77) are all vanishing and all other functions depend only A = A + 77. 
That is why one can reduce extended phase space with remaining coordinates A, X, 9, ( 
and their conjugate momenta. If one has odd number of grassmanian variable it is worth to 
consider ( as matrix acting on the raw of wave functions [22] . Here we will slightly change 
this procedure to make it work for set of spinors. Therefore the wave function depends 
only on 

* = *(X"'^,A*^,r,C)- (4.71) 

Now we consider wave function to be a two-component: ^ = (0i,02)- Then constraints 
acting on two component spinorial wave function are 

= {Pap - \%) X / = 0, (4.72) 



^« = (P„ - P^pe^)a^ + {C%V = 0, 



(4.73) 
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where a are Pauli matrices and / is unit matrix. 
Imposing the first class constraints on the wave function 



The first equation can be solved as 

* = e^^'^'^$(V,^,C)- (4.76) 
Using notation — A^^" we can use $ instead of $ as 

|. = l>(i/\A^„,C)- (4.77) 
Then equations imposed on $ part of the wave function is 

(^(^-^V + (CV)<i' = 0, (4.78) 
where $ = $2). Then $2 can be solved in terms of $1 as 



$2 = -ViD'^^ (4.79) 

where — — v'^. 

Because of arbitrary dependence of wave function on A one can decompose 



*(AL,^0 = Efe=i^""^-^^'="'=*ain...a,«,(^0- (4.80) 

It was shown [22] that if one considers reduction to a system without central-charge coor- 
dinates, then there is additional constraint on ^ which includes derivatives of A and leads 
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to cutting of the infinite spectrum to states fiaving spin or 1/2 corresponding to ordinary 
Brink-Schwartz superparticle. It is useful to go to Weyl spinors from the Majorana ones. 
One can do that in even dimensions. 

Consider case of = 4. In this dimension Majorana spinor Aq can be solved as pair of 
Weyl spinors (A^, A^). In this case all terms in (4.80) with AA components can be expressed 
as p^, using Penrose identity P^^ — A^A^. Then the general solution (4.80) is taking a 
form 

|.(A/,A^) = $o(P.) + E,.=,A-^^-A^'=^'=^Ain...A.i.(^M,^0 

+ E,=i^"^^-^^'='^'=^A,n..AH(^M'^') (4-81) 

Using generalized Penrose decomposition we acquire additional U{1) and SO{s) symmetry, 
because combination A^A^ is invariant under those symmetries. 

Let us start from the case = 1 and D — A. In this case the spectrum of the particle 
includes the following components of wave function: 

$0, $AiA2A3, ^A,A2AsA„ ■.■ , (4.82) 

and their complex conjugate, where all indices are symmetrized. 

One of the most important issues here is the absence of the mixed components, i.e. $ 
with dotted and undotted spinorial indices. It happens because every time we see such 
a combination we can combine the A's together to produce momentum p^. We have not 
consider any interaction yet that is why we can discuss only linearized field theory and in 
our spectrum we have infinite number of fields. 

Equations of motion come from the imposing the constraint (4.74) on the wave function. 
But first, let us decompose each Majorana index into pair of Weyl indices, i.e. a — {A, A). 
Applying this decomposition to an equation (4.74) gives as one of the components of this 
equation 
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^ ^ iA^Asj^^O, (4.83) 



Here we do not want to solve this equation as we did in (4.69) we would rather following 
[114] consider $ as function of X and in the same time multiply (4.83) by A^A'^A^... or 
their complex conjugated. The resulting equations of motion are 
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where A-^A^...$ = W^^^-. 

Why does this method works? Every time when we multiply $ by A or by A the new field 
which we call W depends on A through only combination of AA that is P. Then W, and 
not are playing role of physical fields. Those fields correspond to the supersymmetric 
field theory and equations (4.84) are hnearized equations of motion of that field theory. 

Let us compare our result with result of [114]. In the limit of zero brane-charges there is 
additional constraint in the form of 

(AP^ - AP^ + c)$ = 0, (4.85) 

where c is a constant that takes positive or zero integer values up to 4. If c = 1 then 
solution of this constraint could be written as 

^^X^Aa{p,x,...), (4.86) 

where function Aa does not depend on A anymore. Then imposing constraint (4.84) give 
the following equation of motion. 

d^^A^ = 0. (4.87) 



This equation corresponds to the linearized field equation for spin 1/2 field. In our case 
we do not have constraint (4.85). Therefore, as we discussed before, we can have arbitrary 
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number of A's in $ decomposition. To obtain W fields that do not depond on A one has to 
multiply $ by different number of spinors each time and then use equation (4.74) for each 
term with different number of A's independently. 

So far we considered the four-dimensional case of the minimal super symmetry. It is in- 
teresting to investigate what happens in Z? = 11. In eleven dimensions we do not have 
Weyl spinors and all spinorial indices are Majorana. The equation (4.80) is valid for all 
dimensions and arbitrary number of supersymmetries. In four dimensions it was easy to 
separate four-momentum P from spin degrees of freedom described by the Z^i^ by using 
language of the Weyl spinors and correspondence P^^ = A^A^. In eleven dimensions this 
correspondence is a little more complicated, first because to express P in terms of A's we 
have to use 

P^ = X''{r^)apX''. (4.88) 

Moreover, in the superalgebra we have not only two form brane-charge but also self-dual 
five-form charge. In this case spectrum of the theory could be obtained by decomposition 
of all pairs of A in terms of 7-matrices. Here we have to use Fierz identities and combine 
all terms with P into the wavefunctions to exclude them from spectrum. We saw how it 
works for the case of mixed components in four dimensions. The more detailed treatment 
of the eleven-dimensional case and connection with linearized M-theory will be given in 
the next section. 

C. On spectrum of linectrized M-theory 

It is known that M-theory is given by strong coupling limit of the type IIA string the- 
ory. Interesting way to investigate the properties of the M-theory is to start from the 
M-superalgebra, i.e. with eleven dimensional superalgebra with two and five form charges 
[2]. Those higher form charges can describe nonperturbative objects such as p-branes in 
eleven dimensions. M-theory also could be thought as Membrane theory using parallels 
with string field theory. In this work we use alternative interpretation of brane charges as 
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a coordinates of extended supermanifold for a superparticle model. Here we argue that 
brane charges charges could play an important role in identifying the properties of the 
perturbative spectrum of linearized M-theory. We can use connection between quantized 
particle mechanics and underlined field theory almost by the same way as was explained 
in [71]. In this work, starting from the action of the eleven dimensional superparticle, lin- 
earized equations of motion of the eleven dimensional supergravity were obtained. In that 
case target space of the particle was eleven dimensional supermanifold parametrized by x 
and 9. Here we propose that the quantization of eleven dimensional superparticle which 
live on the supermanifold parametrized not only by ordinary coordinates but also by higher 
rank p-forms (two and five forms in this case) helps us investigate properties of linearized 
M-theory. The supersymmetry of our superparticle model is defined by the full M-theory 
superalgebra. It gives upon quantization not only spectrum of the field theory but also 
equations of motion for these fields [27]. Because there is only one field theory in eleven 
dimensions which is described by the superalgebra with two and five form charges, i.e. 
M-theory, we argue that the particle spectrum could be compared with the perturbative 
spectrum of the linearized M-theory. 

First let us recall ordinary connection between quantized particle mechanics and field 
theory. 

j DxDXDeexp{iS{x,X,e)} = j D4)4)4)exp{iS{4))}, (4.89) 

where the left hand side describes the propagator of the superparticle and the right hand 
side gives the propagator of the field theory. The other formulation of this correspondence 
could be expressed through identification of the wave functions of the quantized particle 
mechanics and fields in the equivalent field theory. Then constraints imposed on particle 
wave function become equations of motion of the field theory exactly in the same fashion 
as appearance of Klein-Gordon equation in ordinary relativistic quantum mechanics. 

Let us start with (4.80) 

^{x,y,y) = Efe=i^'^"^-^'''"'=*«,n...a.i.(x,^0, (4.90) 
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which is the solution of (4.74) and (4.75). This spectrum describes massless as well as 
massive particle in arbitrary dimension. To have massless eleven dimensional model we fix 
i — 1 and a — 1, ...,32 is Majorana index of spinor representation of SO{10, 1). In this 
case the wave function is taking the form: 

*(x, A,, u') = X''K..X''^^„{x, v'). (4.91) 

The right hand side of this equation gives spectrum of the correspondent field theory where 
all fields are symmetric in all ct's . The equations of motion for those fields are coming 
from the constraint (4.74) imposed on ^ by the same way as we saw in previous sections. 
We have to notice that by this method one can obtain only the spectrum of linearized and 
perturbative field theory. But one more interesting observation could be found. Here we 
interpret two and five form charges as coordinates of the superparticle. On the other hand 
tensorial charges could be described by the brane charges, i.e. by the integrals of the brane 
currents on the worldvolumc of the membrane and fivc-branc corrcspondcntly. Comparing 
two different interpretations, it should be connection between membrane spectrum and 
spectrum of the massive particle defined on the M-algebra target-space. But in this case in 
(4.90) ifc should ran from 2 to 16 (as for massive case), describing particles with different 
masses. It is not quite clear if one has to identify model with fixed i or some of the models 
with different i's. 

To describe how to include momentum P in ^ let us start from term in (4.91) with IN 

A's for arbitrary N . Then using definition 

AaA;3 = Pa/3 + ^S + ^S, (4-92) 

where 

Pafi = WapP,, = i^napZj^J, Z% = {1^^-^ .pZ'^l,,. (4-93) 

it is possible to write decomposition of each pair of A's using symmetry in A interchange. 



96 



/\ .../\ ^ a\,...,a2N \^ o-\o-i~ ^OL\o.2~ ^Q.\<X'2.r" 

(P + Z^'^^ + Z^^^ 1* ('4 941 

a2N-lOC2N ~ a2N-lOl2N a2N-lOt2N '^^'■■■'°'2N ' \^-'^^/ 



Now if one uses contraction with P it is convenient to define 



where r = 1,..,A^ and denotes components of \E' with 2r spinorial indices. In this 

case one can absorb aU momenta P in definition of ^'(p). After summation of aU possible 
N one has the general decomposition of ^ 



+ + + (4.96) 

where ^ in right hand side with different number of spinorial indices do not depend on A 
rather all A dependence is encoded in Z^^ and Z^^^ . On the other hand all P dependence 
is included into the definition of u). We see that each component of \[' in right hand 

side of (4.96) is symmetric in their spinorial indices. Now we have fields that depend on 
{x,p, I'). To make an direct connection with a field theory one has to integrate \E'(x,p, u) 
over all momenta with appropriate measure. The integration gives fields of linearized M- 
theory. In this example we considered only one case of massless spectrum of linearized 
M-theory that corresponded to i = 1. We have to mention that this particular case covers 
only subset of linearized M-theory spectrum. The other values of i must be included. In 
most general case we will have fields with i — 1, 16 in the form of (4.90). Those fields 
for different i could be massive as well as massless. One has to apply the same methods 
to absorb P into the wave function for the case of arbitrary i. The set of fields for all 
i = 1, 16 for massive as well as massless case gives us spectrum of Linearized M-thcory. 
Here we see, that the linearized M-theory must include massless as well as massive fields. 
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Equations of motion for those fields could be also produces by multiplying wave function 
by some combinations of A's and then applying (4.74). 

In this section, wc used an analogy with quantization of ordinary superparticle. This quan- 
tization produces spectrum and linearized equations of motion of ordinary supergravities 
and supersymmetric Yang-Mills in different dimensions. Here we can conclude that quan- 
tization of superparticle with brane charges in eleven dimensions produces perturbative 
spectrum of linearized M-theory given by (4.96). 

To make a connection with the representations of M-superalgebra that were discussed in 
Chapter 2 we have to clarify the following apparent contradiction. In the second Chapter 
we claimed that in D = 11 for some particular values of brane-charges one can have other 
multiplets, with the highest spin lower then two, apart from supergravity multiplet. On the 
other hand equation (4.96) gives infinite set of fields of arbitrary spin in the spectrum of 
linearized M-theory. How can we explain this conflict? First of all, as it was mentioned in 
the second chapter, the states of the supermultiplet depend on the values of extra Casimir 
operators made from two and five-form charges. Therefore, in field theory realization of 
this multiplet, fields will also depend on two and five- form charges playing role of extra 
coordinates of extended supcrspace. However, to make a connection with ordinary field 
theory, where all fields depend only x and 6 one needs to decompose each field in powers 
of zj^p and Z^^ as in equation (4.96) then one sees that this procedure generates infinite 
number of symmetric tensors with spinorial indices which fall into the linearized M-theory 
multiplet. 
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CHAPTER V 
SUPERBRANES 

A. L-branes 

1. Introduction 

In previous chapters we mostly considered 0-branes and only briefly 1-brane, i.e. string. In 
this chapter wc investigate a connection between Superalgebras realization and geometry 
of the super p-branes. In some sense the realization of superalgebra on the 0-brane give 
us some information about geometry of objects embedded into the target space, but for 
the case of particles this geometry was almost trivial because the particle world-sheet is 
one-dimensional. For the case of higher p-branes when world-sheet is is 1 dimensional it 
is important to understand how to embed the super world-sheet of the brane in the super 
target space. Because we want to make a connection with Superalgebra realization, we have 
to consider embedding of one super-object, which is realization of world-sheet superalgebra 
into the target space, that gives the target space realization of the superalgebra. We will 
start from brief introduction to embedding formalism and then proceed to the using an 
embedding to identify new objects such as L-branes [125]. 

In recent years there has been renewed interest in superstring theory as a candidate theory 
that unifies all the fundamental forces in nature. The interest was sparked by the realization 
that the five different consistent ten-dimensional superstring theories are in fact related to 
each other by duality transformations. Furthermore, it is believed that they are related to 
a new theory in eleven dimension which has been called M-theory. A crucial role in this de- 
velopment has been played by the soliton solutions of superstrings and eleven-dimensional 
supergravity which correspond geometrically to multi-dimensional objects present in the 
spectra of these theories. These are generically referred to as p-branes. 

One way of studying the dynamics of p-branes is to use the theory of superembeddings 
[126, 127, 128]. In this framework the worldvolume swept out by a p-brane is considered 
to be a subsupermanifold of a target superspace. A natural restriction on the embedding 
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gives rise to equations which determine the structure of the worldvolume supermultiplet 
of the p-brane under consideration and which may also determine the dynamics of the 
brane itself. There are several types of worldvolume supermultiplets that can arise: scalar 
multiplcts, vector multiplcts, tensor multiplets which have 2-form gauge fields with self- 
dual field strengths, and multiplets with rank 2 or higher antisymmetric tensor gauge fields 
whose field strengths are not self-dual [128]. Although this last class of multiplets can be 
obtained from scalar or vector multiplets by dualisation (at least at the linearized level) it 
is often the case that the version of the multiplet with a higher rank gauge field is more 
natural in a given geometrical context. For example, D-branes in type II string theory have 
worldvolume vector multiplets but, in the context of Dp-branes ending on D(p-|-2)-branes, 
the dual multiplet of the latter brane occurs naturally [129]. 

In this chapter we discuss a class of p-branes whose members are referred to as L-branes 
[125]. By definition, these branes are those which have worldvolume supermultiplets with 
higher rank non-self-dual tensor gauge fields which are usually referred to as linear multi- 
plets, whence the appellation. According to [128] there are two sequences of L-branes: the 
first has as its members a 5-brane in D = 9, a 4- brane in D — 8 and a 3- brane in D = 7 
which all have eight worldvolume supersymmetries, while the second has only one member, 
the 3-brane in D = 5 which has four worldvolume supersymmetries. These sequences and 
their worldvolume bosonic field contents are tabulated below, where Ap denotes a p-form 
potential and {S, T) are auxiliary fields. 



8 world susy 


L5-brane 


D=9 


30, ^4 




L4-brane 


D=8 


30, ^3,^ 




L3-brane 


D=7 


30, A2,S,T 


4 world susy 


L3-brane 


D=5 





The 3 and 4-branes of the first sequence can be obtained by double dimensional reduction 
from the first member of the sequence, namely the 5-brane in D — 9, and the latter can be 
interpreted as arising as a vertical reduction of the geometrical sector of the heterotic/type 
I 5-brane, followed by the dualisation of the scalar field in the compactified direction. By 
the geometrical sector we mean the sector containing the worldvolume fields corresponding 
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to the breaking of supertranslations. The relevant target space field theory in this context 
is the dimensional reduction of the dual formulation of = 1,D — 10 supergravity 
followed by a truncation of a vector multiplet. The L5-brane is expected to arise as a 
soliton in this theory. Another possible interpretation of this brane is as the boundary 
of a D6-brane ending on a D8-brane. In this case the target space geometry should be 
the one induced from the embedding of the D8-brane in type IIA supcrspacc. However, 
in this section we shall take the target space to be flat N = 1, D = 9 superspace for 
simplicity. The generalization to a non-trivial supergravity background is straightforward 
while the generalization to an induced D8-brane background geometry is more complicated 
and would require further investigation. 

The L3-branc in D = 5 also has two possible interpretations. On the one hand it may 
arise as the geometrical sector of a soliton in heterotic/type 1 theory compactified on K3 
to D = 6, vertically reduce to = 5 and then dualised in the compactifled direction. 
Alternatively, it could be related to the triple intersection of D-branes [130] over a 3-brane 
with one overall transverse direction. This brane will be studied in [131] as an example of 
a brane of codimension one. 

A feature of L-branes is that their worldvolume multiplets are off-shell multiplets in contrast 
to many of the branes that have been studied previously such as M-branes and D-branes. In 
particular, this is true for the worldvolume multiplets of the first sequence of L-branes, even 
though their dual versions involve hypermultiplets which are unavoidably on-shell. The 
standard embedding constraint does not lead to the dynamics of L-branes and imposing 
the Bianchi identity for the worldvolume tensor gauge field does not change the situation. 
As a consequence the equations of motion of such branes have to be determined by other 
means, either by directly imposing an additional constraint in superspace or by using 
the recently proposed brane action principle which has the advantage of generating the 
modified Born-Infeld term for the tensor gauge fields in a systematic way [132] . We note 
that the heterotic 5-brane in N = 1, D = 10, which is related to the L5-brane in D = 9 as 
we described above, would normally be described by a worldvolume hypermulitplet which 
is on-shell. However, as noted in [128], one can go off-shell using harmonic superspace 
methods. This has been discussed in detail in a recent paper [133]. 
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In the foregoing discussion we have assumed throughout that the target space supersym- 
metry is minimal. It is possible to relax this. For example, one can obtain an L2-brane in 
an = 2, D = 4 target space by double dimensional reduction of the L3-brane in D = 5. 
This brane and the non-linear dynamics of the associated linear multiplet has been studied 
from the point of view of partial breaking of supersymmetry in reference [134] . 

The organization of the section is as follows: in the next subsection we give a brief intro- 
duction to the theory of superembeddings; then we study the L5-brane in D = 9 at the 
linearized level; next the torsion and Bianchi identities are solved in the non-linear theory; 
after that we construct the action and in section 6 we derive the Green-Schwarz equations 
of motion and determine how these can be expressed in supcrspace. Finally the L3-brane 
in D = 7 and L4-branc in D = 8 are studied. 

2. Superembeddings 

In the superembedding approach to p-branes both the target space and the worldvolume 
swept out by the brane are superspaces. This is different to the Green-Schwarz formalism 
where only the target space is taken to be a superspace while the worldvolume is purely 
bosonic. The local ^-symmetry of the GS formalism can be understood as arising from 
the local supersymmetry of the worldvolume in the superembedding approach upon gauge- 
fixing. 

The geometric principles underlying the superembedding approach were given in [135]. The 
embedding / : M — > M, which maps the worldvolume M into the target superspace M, is 
chosen to break half of the target space supersymmetries so that the fermionic dimension 
of M must be chosen to be half the fermionic dimension of M. More general embeddings 
which break more of the supersymmetries are possible but will not be considered here. We 
adopt the general convention that worldvolume quantities are distinguished from target 
space quantities by underlining the latter. Coordinates on the worldvolume (target space) 
are denoted by z^^ = {x"\ 9^^) and z— = {x—, 9^) respectively; the tangent bundles are 
denoted by T (T) and local preferred bases are denoted = {Ea, E^) and E^ = {Ea, E^)- 
The associated cotangent bundles T* (T*) are similarly spanned by the dual basis one-forms 
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— E°') and E— — (E^, E^). The target space supervielbein Em— and its inverse 
Ea— are used to change from a preferred basis to a coordinate basis. The worldvolume 
supervielbein and its inverse are similarly denoted, but without underlining of the indices. 
In the foregoing Latin indices are bosonic and Greek indices are fermionic. 

The embedding matrix Ea— specifies the relationship between the bases on T and T 

Ea = Ea^Ea . (5.1) 
Expressed in local coordinates the embedding matrix is given by 

Ea^ = Ea^'Omz^Em^ . (5.2) 

The basic embedding condition is that the purely fermionic part of T is determined only 
by the pullback of the purely fermionic part of T and does not involve the pullback of the 
bosonic part of T. This means that the embedding matrix should satisfy the constraint 

E^^^O. (5.3) 

This basic embedding constraint determines the supermultiplet structure of the brane and 
in many cases will also be enough to put the brane on-shell. In some cases, however, an 
additional constraint involving forms on the worldvolume and the target space is necessary. 
The L-branes discussed in this paper are particularly interesting in this regard because the 
embedding constraint (5.3) is not sufficient to determine the dynamics of these branes so 
that the equations of motion must be derived from additional constraints or actions. 

In order to make further progress it is convenient to introduce the normal tangent bundle 
T' which has a basis denoted by Ea' — {Ea',Ea'). This basis is related to the basis of 
T by the normal matrix Ea'—- Note that normal indices are distinguished from tangent 
indices by primes. There is considerable freedom in the choice of the components of Ea— 
and Ea'—- A simple and convenient choice is 
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(5.4) 



Ea'- — Ua'- Ea'- — 

Ea'- — Ea'- — Ua'- ■ 

where A^^' is an arbitrary vector-spinor. The matrices Ua- and Ua'- together make up an 
element of the Lorentz group of the target space and, similarly, the matrices Ua- and Ua'- 
make up the corresponding element of the spin group. With this choice the components of 
the inverse matrices ((E'"^)^^, {E^^)a^') are given by 



{E-%- = {E-%- = 

(£;-!)/ = (£;-i)^" = {u-\^ 



la 



(5.5) 

{E-%^' = (£;-i)^-' = (x.-^)^-' - (x.-i)/v' ■ 

The consequences of the basic embedding condition can be conveniently analyzed by means 
of the torsion identity which is simply the equation defining the target space torsion tensor 
pulled back onto the worldvolume by means of the embedding matrix. Explicitly, one has 



VaEb^ - (-l)^^VBi?A^ + Tab'^Ec^ = (-l)MB+mE^^EA^TAB^. (5.6) 

where V denotes a covariant derivative which acts independently on the target space and 
worldvolume indices. There are different possibilities for this derivative and we shall specify 
our choice later. With the embedding condition (5.3) the dimension zero component of the 
torsion identity does not involve any connection terms and reduces to the simple form 



T' C 771 C 771 CK 771 8rp C 

a/3 ^c- — ^a-^P J-ap- 



(5.7) 
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In a sense one can consider the dimension zero component of the torsion tensor (Probenius 
tensor) as the basic tensor in superspace geometry and the above equation specifies how 
the target space and worldvolume Probenius tensors are related. 

The flat target superspace geometry for Lp-branes (p = 3, 4, 5) also includes the following 
differential forms 



G2 


= dCi , 






Gp+l 


— dCp , 








= dCp-^-i — CiGp+i , 


P = 3,4,5, 


(5 



which obey the Bianchi identities 



dG2 = , 
dGp^\ — , 

dGp+2 = G2Gp^i . (5.9) 

In the flat target space under consideration here the non- vanishing components of the forms 
Gq are 

^«^«i-a(,-2) = -^(rai...a(^_2))a^ , (5.10) 

except for Gg^abc which arises for the L4-brane in = 8, in which case a factor of Fg is 
needed so that {Tabc^9)a0 has the right symmetry. In D = 8, 9 the spinor indices label 16 
component pseudo- Major ana spinors while in D = 7 they represent a pair of indices, one of 
which is an -5^(1) doublet index, which together label a 16 component symplectic- Major ana 
spinor. 

In proving the Bianchi identities dGp+i — for Lp-branes in (p + 4) dimensions, the 
following F-matrix identities are needed: 
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(r„J(a^(r^i-^(-i))^) = o. (5.11) 

These identities are well known in the context of the usual p — 2,3, 4, 5-branes in D = 
7,8,9,10, respectively [80, 136]. To prove the Bianchi identity dGp+2 — G2Gp+i for an 
Lp-brane in (p + 4) dimensions, on the other hand, one needs to use a F-matrix identity 
resulting from the dimensional reduction of (5.11) from one dimension higher. For example, 
to prove dGy = G2GQ for the L5-brane in D = 9, one needs the following identity 

(r„J(^ (r^'-^U) + (r^'-^'U) = o , (5.12) 

which follows from the identity (5.11), which holds in D = 10, by a dimensional reduction 
to D = 9. 

In addition to the geometrical quantities for each Lp-brane there is a (p — l)-form world- 
volume gauge field Ap-i with modified field strength p-form JF^ defined by 

Tp ^ dAp-i - Cp , 3,4,5, (5.13) 

where C_p is the pull-back of a target space p-form Cp. This field strength obeys the Bianchi 
identity 

dJ^p^-Gp+,, (5.14) 

where Gp^i is the pull-back of a target space (p -I- l)-form Gp+i. In the first sequence of 
Lp-branes this identity is a consequence of the basic embedding condition (5.3), while for 
the L3-brane in D = 5 this is not the case. For this brane the T Bianchi identity is required 
in order to completely specify the worldvolume supermultiplet as a linear multiplet. 
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a. The linecirized theory 

Let us consider the hnearization of a flat brane in a flat target space. The target space 
basis forms are 



= dO^ . (5.15) 

In the physical gauge we have 



= (^°,e"'(x,^)) . (5.16) 

where it is supposed that the fluctuations of the brane which are described by the trans- 
verse (primed) coordinates as functions of the (unprimed) brane coordinates are small. In 
addition we write the worldvolume basis vector fields in the form Ea^Om = Da — Ha^Db 
where Da = {da, D^) is the flat covariant derivative on the worldvolume. In the linearised 
limit, the elements of the embedding matrix take the form 

E,^^{5a\daX''), (5.17) 
EJ^{5J,D^QP'), (5.18) 

£;/ = (o,a„e^'). (5.19) 

Consequently, (5.3) tells us that the deformation Ha^ of the supervielbein vanishes and 
that 
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D^X^' = iir^'U'Q^', (5.20) 

where 

x"' = x"' + ^r(r')„^/e'^'. (5.21) 

For the L-branes of the first sequence (5.20) takes the form 

D^.X"' = z(7"')i,e^„ , a' = 1, 2, 3; z = 1, 2 . (5.22) 

Defining 

X,^ = (7"')y^a' , (5.23) 
substituting into (5.22) and multiplying by we get 

DaiXjk = -i{eijQak + ^ikOaj)- (5.24) 

This equation describes the linear multiplet with eight supersymmetries in d — 6,5,4 
corresponding to the L5, L4 and L3-branes of the first sequence. The field content of 
this multiplet consists of 3 scalars, an 8-component spinor and a divergence-free vector in 
all cases together with an additional auxiliary scalar in = 5 and two auxiliary scalars 
in (i = 4. The dual of the divergence-free vector can be solved for in terms of a 4, 3 or 
2-form potential in d = 6,5,4 dimensions respectively. For example, in o? = 6, spinorial 
differentiation of (5.24) gives 

DaiOpj = eij{-f'')apha + l{-f'')apdaXij, (5.25) 

where ha is the conserved vector in the multiplet, d°^ha — 0. This field, together with the 3 
scalars Xij and the 8 spinors Qai (evaluated at ^ = 0) are the components of the (off-shell) 
linear multiplet. At the linearized level the field equations are obtained by imposing the 
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free Dirac equation on the spinor field {'y°')°'^daQp^ — 0. One then finds the Klein-Gordon 
equation dad^X^j — for the scalars and the field equation for the antisymmetric tensor 
gauge field d^Jib] = 0. 

3. The L5-brane in D=9 

Wc now turn to a detailed discussion of the L5-brane in D = 9 in a flat target superspace. 
We begin with a brief discussion of the target space geometry. This can be derived most 
simply by dimensional reduction from the fiat N — 1, D — 10 supergeometry. In this way 
or by a direct construction, one can establish, in addition to the usual supertorsion, the 
existence of the 2, 6, 7 forms G2, Ce, ^7 defined in (5.9). 

In iV = 1, D = 9 flat superspace, the only non- vanishing component of the torsion tensor 
is 

Ta^^ = -i{r^)aM ■ (5.26) 

With this background we can now start to study the details of the L5-brane using the 
torsion identity (5.6). Prom this starting point there are now two equivalent ways to 
proceed. The first one is to fix some of the components of the torsion tensor on the 
world volume Tab^ in a convenient form. The second one is to fix the connection used in 
(5.6) by specifying some of the components of the tensor Xa,b'^ defined by 

Xa,b'' = (Vaub-) {u-')c'' ■ (5.27) 

Using this method all the components of the worldvolume torsion can be found in terms 
of the vector-spinor A;,^' introduced in (5.4). Although the two methods are equivalent, 
we have found that in practice the second method is more efficient and will be used here. 
The components of Xa,b'^ can be chosen to be 



XA,b^ — Xatoi'^ — 
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= Xa,/^^. (5.28) 

Note that, since Xab^ takes its values in the Lie algebra of the target space Lorentz group, 
the components with mixed primed and unprimed spinor indices are determined by the 
components with mixed vector indices. Thus we have 



Xa,I3^ — \iX^'')ff XA,bc' , 

Xa^ = \{V^'')p>^XA,bc' . (5.29) 

We shall now analyze the torsion identity (5.6) order by order in dimension starting at 
dimension zero. 

Dimension 

We recall that the dimension component of the torsion identity is 

Tap^Ec- = Ea-Ep-^Tajf- (5.30) 

Projecting (5.30) with {E'^)/ and using the expressions for the embedding matrix given 
in (5.4) we find 

haifi'{Y')kj + hpja\Y')ik = , (5.31) 

which can be solved for ha^' to give 

hj' = W = 5^K(r)ap , (5.32) 
where h'^ = /i"/ia- Projection with {E~^)^ on the other hand yields 

Ta/ = -^e^,{'yXpmk^ , (5.33) 



where mj' is given by 
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m„'' = (l-/^2)5„^ + 2/^„/^^ (5.34) 

At the linearized level the field ha coincides with the divergence-free vector field in the 
linear multiplet discussed in the previous section. As we shall see later the divergence-free 
condition receives non-linear corrections in the full theory. 

Dimension 1/2 

At dimension | equation (5.6) gives rise to two equations 

Vo^E,^ + T^b'E,^ = -E,^EJ^T^^ (5.35) 

and 

Vo^Ep^ + VpE^^ + T^p^E^^ = -Tap'E,^. (5.36) 
Projection of (5.35) with (£^~^)/ gives 

Tab" = iha{ri%^Abpi , (5.37) 
while projection with {E~^)^ gives 

Xa^/ = -tiY'h^J . (5.38) 

The dimension ^ component of Xab^, XaB^' , is then determined due to the fact that 



Xa/ = -\{l')0,{l')i^Xai,bc' . (5.39) 

Similarly one finds that 

= \{l'f'{l''')i'Xai,bc' ■ (5.40) 



Ill 



Projecting (5.36) with (E ^)^'^ we find 

Ta/ = -h/X^y - hJ'Xfsy , (5.41) 
while projecting onto the transverse space with (E^^)^'^' we find 

^aiha = ^(Aaia " {lal%^ J^fiib) , (5.42) 

where Aan, is defined by 

Aaia = rUaKaih ■ (5.43) 

All dimension | quantities on the worldvolume can therefore be expressed in terms of the 
vector-spinor KiP' and the worldvolume vector ha- 

Dimension 1 

At dimension 1 equation (5.6) again gives two equations but now involving spacetime 
derivatives of the embedding matrix Ea—, namely 

VaEb^ - VbEa^ + Tab'E/ = E.^EJ^T^^ (5.44) 

and 

VaEp^ - VpEa^ + Ta^'^E,^ + Tai'E^^ = . (5.45) 
The first of these equations, when projected onto the transverse space, gives 

Xa/ = X,/' . (5.46) 

This also determines Xa^^'' because 
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V' = -\{l%,i.l')'Xa,,c'. (5.47) 



Furthermore, 



^a,/3'"' = \{l'f'{l')o'XaM'- (5-48) 

Projection onto the worldvolume on the other hand yields 

T^'^-it^bp^l'Y'^Kai- (5.49) 
Equation (5.45), when projected onto the worldvolume with [E~^)j^ , gives 

t;/ = k/xp,s''' - h/x^y. (5.50) 

The analysis of the projection of (5.45) onto the transverse space, however, is more difficult. 
The resulting equation can be analyzed more easily if we multiply by mj'; we then find 
that 



^PiK-yk = --{lc')jkrnb'md{'^'^)(i^Xa/ + ejk{lc)f3^rnb''Vah'' 

— 2^c-^6aj(7 '')"7-^d/3fc " '^h'^ Aiyyjkcpk + iKAbajil '^)°' fiAd-yk + ^h'^A^pjAc-yk 

'^2^okhcAba{l ''T-yAdfii + -ejkh'^Ah^'^Acpi. (5.51) 
Using the fact that [V^, V^j/ic = —TAB^^nhc — RABc'hd it can now be shown that 

Taji^^dhc = —TajB^^-yhc — ^ fihc — ^ p'V ahc + -^a.c" ^l3,a'^hd + -^/3,c" ^a,a''^hd. (5.52) 

From (5.52) and (5.42) it can be seen that rrib^Vahc is in fact a function of ha, A^^' 
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and V/jjAiyyfe- With this substitution (5.51) can be rewritten to give a rather unwieldy 
expression for e*^' in terms of VpjA-iyyk and terms of order A^. 

Dimension 3/2 

The dimension | component of (5.6) is given by 

VaEb^ - VbEa'' + Tab'E,^ + Tab^ E^^ = . (5.53) 

Its projection onto the worldvolume determines Tab^ to be 

r„,^ = A/'Xby - Ab^'x^y (5.54) 

while the projection onto the normal space gives 

V[ahr' = -Ai/Xbif.^'hs'^' - T^b'K^' (5.55) 

so that all dimension | components are expressible as functions of lower dimensional quanti- 
ties. No further components exist at higher dimensions. The torsion identity (5.6) therefore 
determines all the fields on the worldvolume of the brane off-shell. 

The Bianchi Identity 

In addition to the torsion identities all L-branes should satisfy a further condition which 
relates superforms on the target space and worldvolume. In the case of the L5-brane there 
is a worldvolume 4- form gauge potential Ai with corresponding field strength 5-form !F^. 
The explicit form for ^5 is 

J^5 = dAi - (5.56) 

where C5 is the pull-back onto the worldvolume of the target space 5-form potential. The 
corresponding Bianchi identity is 
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dT^ = -Gq (5.57) 

where is the pull-back of Gq — dC^. Equation (5.57) can then be solved for ^5. All the 
components of this tensor are zero except at dimension zero where we find 

^abcde = -'^{m~^)eh^(^abcdfg (5.58) 

where {m^^)a is the inverse of rUa^ which is given explicitly by 

{m-%' = Y37^[(l + h^)^' - ^hah'] , (5.59) 

where = h'^ha and h'^ = {h'^Y- Furthermore, it is easy to see that the positive dimension 
components of the Bianchi identity are also satisfied. To see this it is convenient to define a 
6- form Iq as Iq — dT^ — Gq. It is then straightforward to show that dl — Qii we remember 
that the puUback commutes with the exterior derivative. All components of Iq itself with 
more than two spinorial indices must vanish on dimensional grounds. To show that the 
other components are also zero we then have to use the fact that dl^ = at each dimension 
independently. Doing this recursively proves /e = and thereby establishes (5.57). 

We conclude this section by noting the relation between the Hodge dual of Tabcde and h°' 
which follows from (5.58): 

2h°- 

^"^Y^' ^" = ^e«^"'^^,,,e, h' = h'^K. (5.60) 
a. The construction of the action 

Recently it was shown how GS-type actions can be systematically constructed for most 
branes starting from the superembedding approach [132]. The only brane actions that 
cannot be constructed are those of the 5-branes in D=7 and D=ll which both have self- 
dual anti-symmetric tensors as components of their supermultiplets. For all other p-branes 
the starting point for the construction of the action is a closed (p -|- 2)-form, Wp+2, the 
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Wess-Zumino form, on the worldvolume. This (p+2)-form is given exphcitly as the exterior 
derivative of the (locally defined) Wess-Zumino potential (p-l-l)-form, Zp+i, Wp+2 — dZp+i. 
Since the de Rham cohomology of a supermanifold is equal to the de Rham cohomolgy of 
its body, and since the dimension of the body of the worldvolume supcrspacc is p + 1, it 
follows that Wp+2 is exact, so that there is a globally defined (p + l)-form i^p+i on the 
worldvolume satisfying 

dKp+i = Wp+2 (5.61) 
The Green-Schwarz action of the p-brane can then be defined as 



S=i,Ll^i (5.62) 



Mo 



where Mo denotes the (bosonic) body of M, 



Lp+\ — Kp^i — Zp^i , (5.63) 

and Lp_^^ is defined by 



Lj+i = dx^''+' A dx^- . . . dx^^^Lrr^.^.m^^, \ , (5.64) 
where the vertical bar indicates evaluation of a superfield at ^ = 0. 

By construction dLp^i ~ 0. The ^-symmetry of the GS-action is ensured because, under 
a worldvolume diffeomorphism generated by a worldvolume vector field v, 



^vLp-\-i — CyLpj^i — iydLp^i + diyLp^i 

= d{iyLp+i) . (5.65) 

As explained in [132], reparametrizations and ^-symmetry transformations on Mg are es- 
sentially the leading components in a ^ expansion of worldvolume diffeomorphisms so that 
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the action given above is invariant under these transformations by construction. 
In the case of the L5-brane the Wess-Zumino 7-form is given by 

= = G7 + . (5.66) 

where Zq can be chosen to be 

Z^^C^ + G^Aa + C^. (5.67) 

The globally defined 6-form Kq needed for the construction of the action can be solved 
from 

Wj = dXe . (5.68) 
The only non-zero component of Kq is the purely bosonic one which is found to be 

Kabcdef — ~ _ ^abcdef ■ (5.69) 

Using (5.60) we may rewrite the function appearing in (5.69) as 

= VTT^F^ , (5.70) 

where = T^'Ta- This is the L-brane analogue of the Dirac-Born-Infeld term in the 
D-brane action. Therefore K = ^e^i ' ^^Xai-.ttel is given by 

K = J^VlT^ 



= ^-det {gmn + ^m^n) , (5.71) 

where g — det{gmn) is the determinant of the metric on the bosonic worldvolume induced 
by the embedding 
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where 



^m- = Ejn^EA-\ , (5.73) 

and is related to through the worldvolume vielbein 6^"' as J^m — e^Ta- The final 
form for the L5-brane action is therefore given by 

\ (fxC (5.74) 

J Mo 

where the Green-Schwarz Lagrangian is 

C = (^-det {gmn + J'mJ'n) " \^e'^'-'^' Zm,...m^ \ , (5.75) 

with Zm^...mQ given in (5.67). 



b. The equations of motion 

Prom the action given in the last section it is straightforward to derive the equations of 
motion for the L5-brane. The dynamical variables in the action are the worldvolume gauge 
potential Amnpq and the coordinate z— on the target space manifold. The variation with 
respect to the worldvolume gauge field is straightforward and yields 

V^Vm (^^^i=^™'-j = (5.76) 

where £m— = dmZ—, g is again the induced GS metric on Mg and the covariant derivative 
is formed using the Levi-Civita connection of the metric g. Note that the Green-Schwarz 
embedding matrix (often denoted by 11) S^a— is given by 
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The variation of the action with respect to z—, however, is rather more involved. Defining 
V— = 5z— and V— — V—Em_— we find that the variation of the metric Qmn is given by 

Sgmn = ^{dmV^ + Sm^V^T^^)Sna. (5.78) 

Similarly, the variation of J-'mvm^ gives 

5^m,..m5 = ^m,-' ■ ■ ■ Sm.^^V^G aA,...A, + 59^, {V^'Sm,^ . . . ^m.^'C A,...A,) ■ (5.79) 

The complete variation of the Green-Schwarz Lagrangian C (up to total derivatives) with 
respect to the z— is then given by 



1 , 1 

5! 
1 



e t^TOg— 6 . . . C-mi— ^ ^ —^NM, ...Mj. 



— e'^^---'^'^Srni—^V—GNA£^J^rn2...m6 i (5.80) 



where we have used (5.76) and the tensor t"*" is given by 

t"*" = --^i=(^'"" + J^r") . (5.81) 

It is straightforward to read off the equations of motion from (5.80). For the case of a fiat 
target space one finds, from the vanishing of the coefficent of V-, 
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^ m y'' llghj — 3!2! y/ \ -\- "^^ '"^ ■■■'-'mi \^ ab^...b3)_§4_§s 



^ ^mi...m(i 



~'~4!2! ^/—g ^'"'5"^'^^"^5"^"'^"i4 * • • • ^mi Kraft^...b^)_^g_^g , (5.82) 

where the covariant derivative is again the Levi-Civita derivative with respect to the GS 
metric, and, from the vanishing of the coeficient of V-, 



j.mnc M(T^a\ C i -7ry"i---^6C 65 f b^c M(V \ 

\^ )Pa<^n 'lab — ^ ^2 "^5 ■■■'^"12 '^mi y-*- b^-.-h^laP 

1 ,mi...m6 

2 gmi...m6 

+ 77 / ^mi'^CapJ' m2---mQ i (5.83) 

We shall now compare these equations of motion with the equations of motion one derives 
for the L-brane in superspace, i.e. with both worldvolume and target supcrspaccs. The 
simplest case to consider is the fcrmion equation of motion in a flat target space, equation 
(5.83), and we shall retrict the discussion to this example. 

The most general Dirac-type equation we can write down in superspace is 



M"^£;A„^(r„)^=0 (5.84) 

where M"-^ = Arj"^ + A and B b eing scalar functions of ha- It turns out that this 

equation (evaluated at 6' = 0) is equivalent to (5.83) provided that we choose the tensor 
Mah to be equal to niab- In fact, the equation then reduces to the Dirac equation for the 
spinor A, i.e. the superspace analogue of the linearized Dirac equation introduced in (5.43). 

To show that this is the case we need first to evaluate (5.84) at ^ = 0. We note that 



(5.85) 
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where = eJ^E^^ ej^ being the inverse vielbein for the GS metric, and where Q is a 
projection operator given by 

^ {E-^)^^' E^,^\ . (5.86) 
It is easy to evaluate Q exphcitly; one finds 

2g = 1 + ^e"i ■••««f„,...„, - - ^^e"^' -''haK...,, , (5.87) 

where 

r„ Sa^Ta . (5.88) 

To show the equivalence of the two fermionic equations one simply computes (5.84) and 
then right multiphes it by 2(1 — /i^)~^(l — /i^Fa). The resulting equation then has the same 
form as equation (5.83) when this is expressed in terms of h rather than J^. This equation 
takes the form 



- ^6^---^£/(f„,..„J«^ 
Ohb 

One might wonder whether other choices of the tensor Mab could lead to a different con- 
sistent set of equations of motion. Although we have not checked this we beheve that it 
is unlikely. In other words, if one were to make a different choice for Mah one would find 
non- linear inconsistencies at higher dimension arising as a consequence. 
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4. L-branes in D=7 and D=8 



The L3-brane in D — 7 and the L4-brane in D = 8 can in principle be derived by double 
dimensional reduction from the L5-brane in D — 9. However, it is simpler to construct 
them directly using the same techniques that were used for the L5-brane. To derive the 
action we only need to analyse the torsion and Bianchi identities at dimension zero as 
this information is sufficient to compute the {p + l)-form i^p+i which, together with the 
Wess-Zumino form Zp_^i determines the action from (5.63) and (5.62). 

The L4-Brane in D = 8 

The analysis of the dimension zero torsion identity is similar to the L5-brane case; from 
(5.30) one again finds the constraint (5.31) on the field ha^' — > ha/^ which is solved by 



The scalar field S can be identified with the auxihary field of the hnear multiplet in d — 5. 
The dimension components of the worldvolume torsion are found to be 



hai/3j — ^ij {CapS + {■J°')al3 ha) ■ 



(5.90) 



(5.91) 



where 



a 



(1 - /i' + S'')5^r + 2/i"/i6 , 



(5.92) 
(5.93) 



rua = 25" /la . 



Prom the Bianchi identity 



dJ-i — —G 



(5.94) 
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it follows that 

2 /'a 

" "5(1-/12 + ^2) ' (5-95) 

where J^ahal = ^abcde^^- 

To construct an action, we need to consider the Wess-Zumino form 

We = dZ5 = Ge + G^T^ . (5.96) 

with Z5 given by 

Z^ = C^ + G2Az^C^. (5.97) 

The globaly defined 5-form needed for the construction of the action can be solved from 
= dK^. We find that the only non-zero 

component of K5 is the purely bosonic one given by 

f 1 + h"^ - 

Kabcde = — I 2 _ _[_ ^2 j '^abcde- (5.98) 

Using the action formula 5" = d^x C where C = K^ — and recalling (5.95) and (5.98) 
we find that the Lagrangian can be written as 

C = (v'-det i9mn + 25(1 - S^)TmJ'n) " l^e"^' -"^^ Zm,...m,) , (5.99) 
with Z^^...^^ given in (5.97). 

The L3-Brane in D = 7 

The construction of the L3-brane action in D — 7 parallels exactly the constructions 
presented above. We find that the analogues of the equations (5.90)-(5.97) for this case 
are 
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Km = {Ca^S + (75)a/37^ + (757")a/3 ^^a) , (5-100) 

where 5", T are the auxilary fields, and 

Tai,pj'' = -^e^J {{7')apnn,'' + i'y'lapmh) , (5.101) 

where 

mj' = {l-h^ + S^ + T^)Sb'' +2h''hb, (5.102) 

ma = 2Tha. (5.103) 

Furthermore, starting from the Bianchi identity 

dJ^3 = -G4 , (5.104) 

we find that 

where jF^^g = tahcd^'^ and that 

1^5 = = G5 + ^2:^3 ■ (5.106) 

= C4 + ^2^42 + C1C3 ■ (5.107) 



^a&cd = - L _ ^2 ^ ^2 ^ 2^2 j ^"''C'^- (5.108) 

Again, using the action formula 5" = jj^^ d^x C where £ = ^^4 — Z4 and recalling (5.105) 
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and (5.108) we find that the Lagrangian for the L3-brane in D — 7 can be written as 

C = (^-det (gmn + 36(1 - - T^)T^Tn) - ^e"''-"'*Zm,...m?j , (5.109) 
with Zmi-m4 given in (5.107). 

5. Properties of L-branes. 

We have seen that L-branes are examples of a class of p-branes with an unconventional 
world volume supermultiplet, namely the linear multiplet. These branes arise naturally 
within the superembedding approach but have so far been neglected in the literature. In 
marked difference to most other branes we have seen that the linear multiplets are off-shell. 
One of the consequences is that the usual torsion equations are not the equations of motion 
for the branes. In fact these have to be derived from an action. We have illustrated the 
dynamics of the L5-brane by solving the highly non-linear torsion equations in terms of a 
divergence-free vector ha and a vector-spinor A^"' in a fiat target space background. For 
the L4-brane in D = 8, an additional auxiliary scalar S and for the L3-brane in D = 7, the 
additional auxiliary scalars {S, T) were shown to arise. Using a general action principle 
which is valid for the construction of actions for most branes we have found the Green- 
Schwarz action of the L-branes. For the L5-brane we derived the Green-Schwarz equations 
of motion and we illustrated the relationship between the equations of motion in superspace 
and those derived from the action in the case of the spinor equation. 

We have noted that the L5-brane can be viewed as the dimensional reduction of a super- 
fivebrane in D = 10 dimcnsionally reduced to = 9, followed by dualisation of the scalar 
corresponding to the extra dimension to a 4-form potential. This relation between a five- 
brane in D = 10 and L5-brane in D = 9 is similar to the relation between the M2-brane in 
D — 11 and D2-brane in D = 10. The latter relation has been called M-duality [137] which 
relates Type IIA string theory to M-theory in the strong couphng limit. Other worldvol- 
ume duality transformations have also been studied. Indeed, the worldvolume U{1) gauge 
fields arising in Dp-branes have been dualised to (p — 2)-form gauge fields for p < 4. We 
refer the reader to [138] for various aspects of these dualizations and for an extensive list 
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of references for earlier works on the subject. The point we wish to emphasize here is 
that, while the methods employed in the literature so far for world volume dualizations 
become forbiddingly complicated beyond p — A, the superembedding approach provides 
an alternative and simpler method which seems to apply universally to all possible branes. 

Regardless of the approach taken, results obtained in the area of worldvolume dualizations 
arc hoped to provide further connections among a large class of branes that arise in the 
big picture of M-theory. 

As mentioned earlier, we have focused our attention on flat target superspaces in this paper. 
The generalization of our work to curved target superspace is straightforward. Consider 
the case of the L5-brane, for example. The results presented in subsection 3. a and 3.6 
remain the same in curved superspace. The supcrforms occurring in the Wess-Zumino 
term (5.67), however, now live in a curved target superspace. The field strength forms 
G2,Gq,Gi still obey the Bianchi identities (5.9), but they will have more non-vanishing 
components than those given in (5.10). The expected solution to the full set of Bianchi 
identities is = 1, D = 9 supergravity coupled to a single vector multiplet, as resulting 
from the dimensional reduction of the N — 1,D — 10 supergravity theory in its dual 
formulation. Thus, the D — 9 field content is 

Supergravity : {gmn, Cmi-ms, Cm^...me, 0) (^m, X) 

MaxweU: (C^, a) (A) (5.110) 

where we have grouped the bosonic and fermionic fields separately, in a self explanatory 
notation. It should be noted that the fields C5 and Cq come from the dimensional reduction 
of a 6-form potential, and {Ci,a) come from the Kaluza-Klein reduction of the metric in 
D — 10. The coupling of n vector multiplets to N — 1,D — 9 supergravity has been 
determined in [139] in a formahsm that contains {B2,Bi) which are the duals of {C^,Cq) 
and in [140] in a formahsm which has the fields (C5, Bi). It would be interesting to study 
the brane solitons of these theories and to determine the maximum possible symmetries 
they may exhibit. It is known that the 5-brane solution of = 1, D = 10 supergravity 
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involves a non-constant dilaton and consequently it does not give rise to an AdS-^ x 
geometry in the near horizon limit (see [141] for a detailed discussion of this matter and 
for earlier references). On the other hand, there exists a singleton field theory which is 
a candidate for the description of a fivebrane in this background [142]. Given the close 
relation between the L5-brane in D = 9 and the 5-brane in D = 10, it is natural to study 
the L5-brane solution of the Einstein-Maxwell supergravity in D = 9 and to determine if 
it permits a constant dilaton, thereby possibly giving rise to an AdSj x S'^ near horizon 
geometry. It should be noted that the candidate singleton field theory in this case would 
be characterized by a a superconformal field theory of a free linear supermultiplet in six 
dimensions discussed in section 3, and whose superconformal transformations can be found 
in [143]. 

The field content of the target space Einstein-Maxwell supergravities relevant to the L4- 
brane in D = 8 and L3-brane in D = 7 remains to be worked out in detail as well. The 
expected results are various versions of Einstein-Maxwell supergravities in which certain 
fields have been dualised. 

In the next section we will investigate properties of string and p-branes in background 
fields. We will see that the low energy limit gives us noncommutative field theories and that 
Seiberg-Witten map between noncommutative and ordinary theory could be generalized 
for non-associative case. 

B. Strings and branes as Hamiltonian systems, noncommutativity and non- 
associativity 

In this section we will use Hamiltonian methods developed in previous chapter to investigate 

properties of strings and branes in background field [124]. Although, the main topic of the 
discussion will be bosonic part of the brane action it is also possible to generalize it to 
fermionic case. 

String theory appeared extremely useful in studying the properties of non-commutative 
field theories. Moreover, studying properties of strings and membranes in B-field not only 
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helps to investigate the low-energy field theories [144] but also gives new information about 
superstring theory and M-theory One of examples of new models that attracted much 
attention recently is OM-theory [145], [146], [147], [148]. It is known that noncommutative 
Yang-Mills appears in decoupling limit of string theory in constant B-field. It interesting 
to study correspondence between noncommutative and ordinary theories from superstring 
theory point of view. 

In this section we apply Hamiltonian/BRST formalism to study properties of string theory 
in constant B-field. One of the ways to investigate the correspondence between non- 
commutative and ordinary Yang-Mills is to consider instantons in both theories [144] . But 
how can we see this correspondence from the point of view of the string theory? Discussion 
on possible ways to answer this question will be main topic of this section. 

If one uses the world-sheet approach, non-commutativity appears from interpreting time 
ordering as operator ordering in two-point functions as well as in product of vertex oper- 
ators [149]. In the Hamiltonian treatment, non-commutativity arises from modification of 
the boundary constraint. This modification appears due to additional contribution coming 
from modified boundary conditions in constant B-field [150], [151], [152] [153], [154] and 
[155]. These new boundary constraints are of the second class and for a first sight spoil 
commutational relations between the coordinates and momenta on the D-brane. Appar- 
ently, one of the possible ways to quantize theory with the second class constraints is to 
introduce the Dirac brackets [151], [153], [154] and [155]. On the level of Dirac brackets 
inconsistency between commutators of coordinates and momenta disappear, instead, string 
endpoints on the D-brane do not commute anymore. 

There is another way to quantize a system with the second class constraints, the conversion 
method [156], [157], [158]. Usually, conversion means the extension of the phase space by 
new auxiliary degrees of freedom together with modification of the second class constraints 
in such a way that they become of the first class. These new first class constraints corre- 
spond to the gauge symmetries of the theory. This framework could be understood from 
BRST-quantization point of view. In BRST invariant theory, one can treat additional vari- 
ables as ghosts and new modified action acquires new gauge symmetry in the same fashion 
as appearance of local fermionic symmetry in ordinary BRST approach. The main differ- 



128 



ence is that in the case of the conversion new symmetry could be bosonic. The connection 
of BRST conversion procedure with Fedosov quantization was considered in [159] . 

In this work, we apply conversion to the system with second class constraints. Finally, 
we have model with all constraints of the first class. In this case we do not have to use 
the Dirac brackets and all target space coordinates become commuting. For the models of 
interest, it is not necessary to apply BRST quantization, it is enough to consider ordinary 
Dirac quantization of the system with first class constraints only. The only reason to have 
BRST quantization procedure is to cancel ambiguity in appearance of the new variables 
and to interpret these extra coordinates of the extended phase space as a "ghosts". In 
this section we consider bosonic part of the string/membrane actions only. It is possible to 
extend this approach to the supersymmetric case following [160], [161], [162] and references 
therein. As we mentioned before, in this chapter we present stringy version of Seiberg- 
Witten map. There are different field-theoretical approaches to study Seiberg-Witten map 
between noncommutative and ordinary Yang-Mills [163]. In this section we follow [124]. 



1. String in constant B-field 



a. Decoupling limit and constraints 

The bosonic part of the worldsheet action of the string ending on D-brane in constant 
B-field background is given by 

S^—-l dX'^dX^ - — ^ / BabX-dtX', (5.111) 

where B^b has non-zero direction only along D-brane. In general case Bab includes B-field 
together with U{1) field on D-brane. The boundary conditions in the presence of D-brane 
are 



gabdnX' + 2na' BabdtX' = 0, 
where 9„ is derivative normal to the boundary of the world-sheet. 



(5.112) 
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The effective metric seen by tlie open string is 



Gab = gab - i27ia' fiBg-'B)ab, (5.114) 
and noncommutativity parameter is given by 

= -(2W)2f i B ^ -] . (5.115) 

In tfie decoupling, zero slope, limit [144] one can take a' ^ keeping fixed open string 
parameters such as 

Go, = -(2m'f(Bg-^BU, (5.117) 



1 \ ab 
lab ' ^ 



In this limit the kinetic term in (5.111) vanishes. The remaining part, that governs the 
dynamics, is the second term in the (5.111). Equation (5.111) in this case describes the 
evolution of the string boundary, i.e. particle living on the world-volume of D-brane. This 
part of the action is given by 

S^l [ dtBabX'^dtXK (5.119) 

2 JdM^ 

For simplicity and without loss of generality one can take Bah nonzero only in two space di- 
rections on the D-brane, i.e. Bab — ^hcab where a, 6 = 1, 2 and the rest of string coordinates 
do not give any contribution to (5.119). 
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Let us discuss how noncommutativity appears on the level of Hamiltonian formalism. The 
string action in decoupling limit is 

S = bj dteabX''XK (5.120) 

Canonical momentum is given by 

Pa = -beabXK (5.121) 
Therefore, the constraints that completely describe this model are 

(t>a^Pa + heabX\ (5.122) 

All these constraints are of the second class, i.e. they do not commute with each other 

[ct>aAb]=2beab. (5.123) 
Using the second class constraints (5.122) the Dirac brackets are 

[X\X']n = [X\X'] - [X\r]i^[(l^\X\ (5.124) 

and 

[^",^1d = ^6'^'. (5.125) 

We see that string coordinates on the D-brane do not commute. It means that in the 
decoupling limit one has noncommutative Yang- Mills on the world- volume of D-brane. It 
is possible to calculate a two-point function of the fields propagating on the boundary of 
the string worldsheet. The two-point function is 



< X\t),X\Q) >= ;^e"^ (5.126) 
26 
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Using correspondence between time and operator ordering it leads to noncommutative 
coordinates on the D-brane. 

Another way to investigate properties of the model described by the constraints (5.122) 
is to extend the phase space and to introduce additional pair of canonically conjugated 
variables ^ and with commutator P^] = 1 in the framework of BRST quantization In 
this case it is possible to convert the second class constraints (5.122) into the first one. 

01 = Pi + 6(^2 -720, 4)2 = {P2 + V2P^)-hX\ (5.127) 

where new constraints are of the first class. Let us count number of degrees of freedom 
to be sure that we did not loose any information. Each of the second class constraints 

eliminate one degree of freedom, but each of the first class one eliminates two. Thus, 
instead of two second class constraints we have two first one now. Therefore we need to 
add two independent degrees of freedom (i.e. ^ and P^ ). 

Now we can identify new variables. The variables Pi, Xi are the same as before and the 
new ones are 

P+ = -P2 - ^/2P^, X- ^X^- V2^, (5.128) 

and 

P- = -P2 + V2P^, X+^X^ + (5.129) 

We have to mention that new momenta are canonically conjugated to new coordinates. The 
variables P~, X'^ are not dynamical because they do not participate in the constraints. The 
equation (5.127) could be reformulated using new variables (5. 128), (5. 129) in the following 
way 



4>i = Pi + bX-, 4>2 = P^ + bX\ 



(5.130) 
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These two constraint are of the first class. Moreover, the propagator (5.126) is not antisym- 
metric anymore, but rather symmetric in interchange of a and b that leads to commutative 
coordinates not only on the level of Poisson brackets but also on the level of two-point 
functions. This could be seen using correspondence between operator and time ordering 
[149]. Therefore, the two-point functions between new fields are 

< X\t),X-(0) >=< X-{t),X\0) >, (5.131) 

and could be calculated using path-integral BRST approach. Thus, we removed the non- 
commutativity of the string end-point coordinates by introducing new variables, and ap- 
plying the conversion of the constraints. Applying conversion procedure we converted all 
second class constraints into the first class ones. Now we do not have to use Dirac brackets 
and all coordinates commute on the level of the Poisson brackets. After field redefini- 
tion, the new coordinates of the string boundary are described by X^.X^, that commute, 
because propagator is symmetric. Therefore, using time ordering product gives commu- 
tativity on the boundary of string world-sheet. This could also be shown using BRST 
approach. 

The Hamiltonian of the new system that is equivalent to the model described by (5.111) is 

= A01 + Ai02, (5.132) 

where A and Ai are Lagrange multipliers. 
The BRST charge is given by 

Q = c{Pi + bX-) + ci{P+ + bX^) (5.133) 

where c and ci are ghosts corresponding the first class constraints. It is also possible to 
include information that boundary action comes from string as was shown in [144] , but the 
main result of this section is that conversion together with change of variables and field 
redefinition gives ordinary, commutative behavior for the string boundary. 
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It is possible to conduct conversion for string in decoupling limit in more covariant way. 
To do so, let us start from system of constraints (5.122) and then introduce new variables 
^" and P|, [^", P^] = where a = 1, 2. Then generahzing (5.128) it is convenient to define 

P+ = P„ + P|, = X" + (5.134) 



P- = P„-Pi, X-^^X^-C: (5.135) 
Then (5.122) could be modified into 

$a^Pa+beabX+\ (5.136) 

Now all the constraints are of the first class, i.e. they commute. In this case the situation 
is different from previous example of conversion. The counting of degrees of freedom tells 
us that we need to add one more first class constraint, otherwise modified system is not 
going to be equivalent to initial one. This constraint could be chosen in the form 

* = P+X+ - P-X~. (5.137) 

This choice in some sense reminds constraint that could be obtained from (5.122) by 
projecting by X"-. If all new variables are equal to zero, then constraints (5.136) transform 
to (5.122), and (5.137) is satisfied. 

In this subsection we presented two examples of conversion that produced equivalent sys- 
tems with commuting variables (i.e. commuting string end-points). Those examples could 
be of the strong suggestion that noncommutativity could be removed not only on the level 
of constraints/Dirac brackets, but also on the level of two-point functions. 
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b. General case 

Here we step aside from decoupling limit of string and analyze complete set of constraints 
coming from the action (5.111). It is more convenient to start not from Lagrangian (5.111) 
but rather from one without B-dependent term [144] and impose boundary condition 
(5.112) as additional boundary constraint. The starting action is 



where X^^ is full set of target-space coordinates for string, X"- are coordinates of string 
endpoints on the D-brane and X'^ is the rest of coordinates. 

As usually, we have first class constraints which follows from (5.138) 




(5.138) 



and boundary constraint 



X'" + X^Bb"" = 0, 



X"^ = 0, 



(5.139) 



H = 27rQ;'p2 - 



1 



72 



(5.140) 



X' 



The Hamiltonian is given by 




(5.141) 



The momentum in this case is 



X 



a 



(5.142) 



Then the boundary condition (5.139) could be rewritten as constraint 



= X"" + 2na' P^Bc"". 



(5.143) 
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If B-field is equal to zero, the boundary condition X' — leads to infinite number of 
constraints in the form 



where (k) denotes k's derivative in respect to a. All these constraints are equivalent to 
extending a to [—tt,7t] and taking the orbifold projection [155], [164] 



X{-a) = X{a), P{-a) = P{a), N{-a) - N{a), Ni{-a) = -Ni{a). (5.145) 



In the presence of constant B-field the secondary constraints appear, as usually, from 
the fact that commutator of with Hamiltonian gives either constraint or condition 
for Lagrange multiphers. First of all, in constant B-field, conditions for the Lagrange 
multiphers are the same as in (5.144) and using the hnear combinations of $'s leads to the 
same boundary conditions for X^ and Pa as in (5.144) except that for X"- ii k — we have 
constraint (5.143). 

Because we start from (5.138) but not (5.111) in difference from [151], [153], [154] and 
[155] we do not have modification of the higher derivative constraints but rather, after 
using Dirac brackets, contribution to the noncommutativity is given only due to i.e. 



where C~/ is inverse matrix of commutator coefficients between $ and P'. We also have 

to use regularization for the endpoints (see [151], [153]) , i.e. for a,a' = or tt. The same 
contribution is given by considering higher odd derivatives of Pa- We see that coordinates 
of endpoints do not commute but momenta do. 

Let us investigate the nature of this noncommutativity. Here we will not use conversion 
of the system of second class constraints into the first ones. It is more transparent to 
modify the system by the way that second class constraints and p(2'=+i) are 

taking similar form as the constraint system with zero B-field. The noncommutativity on 



^(2fe+l) ^ j^m ^ ;^(2fe+l) ^ p(2fc+l) ^ 



(5.144) 



[X^{a),X\a')]n = [X^X''] - / da"[X%n^")]Cj[P"'{a"),XX 



(5.146) 
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the level of Dirac brackets appears because of the nonzero commutator of X°- and If 
B-field is zero we see that they commute and Dirac brackets are the same as Poisson ones. 
Let us modify constraints to obtain the system that is equivalent to initial one. For this 
example we do not have to consider higher derivative constraints, but it is straightforward 
to incorporate them into the picture. We will start from 

= X'" + 2na'PcB'"', P"" = 0, (5.147) 

where a runs from 1 to r. We have 2r second class constraints here. To modify them 
introduce 2r new canonical variables c" and P^'^\ [c", P^^^] — and 2r additional second 
class constraints. With modified initial ones we have 

= X'" + c", 0? = c'' - 27ra'Pc5'", (5.148) 

= 0, Pi'^) = 0. (5.149) 

Now, instead of 2r constraints we have 4r ones but we added 2r new variables, so number 
of degrees of freedom remains the same. The Dirac brackets (5.146) are identically equal 
to zero because $ commute with X"-, as in the case of string without B-field, and the 
rest of constraints (5.148), (5.149) also do not give any contribution to Dirac brackets. 
Procedure, which we used here, is different from conversion. Conversion assumes that one 
can obtain initial constraints after fixing some particular values of additional variables. In 
previous example we showed that after fixing all new variables equal to zero one has initial 
constraint system. Here it is not the case. We can not fix c, otherwise it gives P — 0. One 
can ask why new model is equivalent to the previous one. It could be argued that what 
we did is just redefining the variables. We do not have to fix any particular value of c" or 
P^'^^ because additional constraints are not of the first class, but rather of the second class 
and that is why they can be solved algebraically to produce initial system. 

In this section we considered simplified system comparing to one of [151]. The main 
difference in sets of constraints is that in the [151] there were considered even higher 
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derivatives of 0" rather then X'"-. Even for the model of [151] the apphcation of the same 
technique is straightforward. 

Now wc sec that introduction of new variables even without changing the nature of con- 
straints (from second to the first class) produces the Dirac brackets for the string endpoints 
which are equal to zero. Therefore we are able to show that endpoints of the string ex- 
pressed in new variables commute between each other. Analysis of two-point functions is 
not so straightforward as for the case of the decouphng limit. After change of variables 
and field redefinition < X"-, X^ >, where X are new variables, they are becoming effective 
string coordinates on the boundary. Therefore, two-point functions becomes symmetric 
and using the interpretation of time ordering as operator ordering gives commutativity. 

Here we argue that noncommutativity of string endpoints is not fundamental but rather 
removable and depends on the change of basis. It also possible to consider modified BRST 
charge and perform analysis of mode decomposition to show that it is possible to introduce 
new algebraic variables which produce commutativity of the string endpoints on the level 
of Dirac brackets. It is straightforward to show if one starts from constraints for the string 
modes given in [155] and modify them by introducing c and P^*^^ by the same way as in 
(5.148). 

2. Membrane in constant C-field, decoupling limit 

In this section we discuss how to remove noncommutativity for the decoupling limit of 
membrane ending on the M-5 branes. First of all, there are some crucial differences between 
taking decoupling limit of the string and membrane [147], [165]. The only constant in eleven 
dimensions is the Plank constant. In this case we can not take flat background metric 
generated by the flve-branes as was explained in [147]. Moreover we have to consider stock 
of five branes and probe membrane ending on one of the five-branes. Then the decoupling 
limit could be found from the following : 
l.Bulk modes of the membrane must decouple and disappear. 

2. String, that lives on the boundary, i.e. on the surface of the five-brane is completely 
described by Wess-Zumino term only . 
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3. Then, after decoupling, all dynamics of the world- volume theory of five-brane is governed 
by (2, 0) six-dimensional tensor multiplet. 

As was shown in [147] and [148] by rewriting membrane kinetic term in terms of Lorentz 
harmonics it is possible to produce decoupling explicitly in the limit when Ip ^ but open 
membrane metric is fixed. Following [147] one can find convenient form of Wess-Zumino 
membrane term in the case of constant C-ficld. The Wess-Zumino term for membrane 
has two contributions - from pullback of eleven-dimensional three form A^^^ to membrane 
surface and from pullback of five-brane two- form B^"^^ to membrane boundary 

S^,= f ^(3)+ / B^'\ (5.150) 

The constant C-field on the five-brane is given by C^^^ = dB^'^'> -\- A^^\ where ^4^^^ is 
pullback to five-brane world- volume. The notion of nonhnear self-duahty for C-field on the 
five-brane is extremely important here [166]. At least locally we can write A^^^ = da^'^\ 
Excluding part of A^'^^ which gives zero pullback to the five-brane world-volume and using 
the fact that C is constant one has 

Ci'A^' = 3(4i)+ag)). (5.151) 
The components of constant C-field could be chosen in the form [144] 

Cqi2 = I C'456 = ^- (5.152) 

The action of the membrane ending on M-5-brane in decoupling limit is given by two terms 
[147] 



[ d'a 1^ ^ ejjkX'X^X'^ + / d^a^e^.X^X'^X"', (5.153) 
J 3^1 + llh" J 3 

where 5-brane world-volume is decomposed into the two three-dimensional pieces, where 
X* lies on the membrane and X"" are five-brane coordinates normal to the membrane. 
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Prime denotes differentiation in respect to a and dot in respect to time. 
Consider the second part of the (5.153) 

j d^a^eabcX'^X'^X"', (5.154) 

The momentum is given by 



Pa = —eabcX'X"^. (5.155) 

With constraints 



(l>a = Pa + ^eabcX'X"^, (5.156) 

and Poisson brackets 

[0„(a), Ma')] = '^heabcX"'5{a - a'). (5.157) 

Among three constraints two are of the second class and one is the first class. To see that 
project (j)a by X, X' , P. Then first class constraint is 



* = X'^Pa, (5.158) 

and the second ones 

X'^Pa = 0, P2 + ^eabcP"^'^" = 0. (5.159) 
The equations of motion are 

eoj^cX'X'^ = 0. (5.160) 
The fastest way to see appearance of non-associativity is to study Dirac brackets between 
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string coordinates. They are defined by 

[X\a),X\a')]n = [X^X"] - J da"[X'^,^,ia")]^[M'^"), X% (5.161) 
and explicitly using expression of Pa in terms of X" 

[X%a),X\a')]n = ^^Sia-a'). (5.162) 

Using definition of momenta as in (5.155) the Dirac brackets could be rewritten only in 
terms of X's as 

[X%a),X\a')]n = -eabc-^S{a - a'). (5.163) 

Last equations leads to non-associativity between membrane end-point coordinates. 

In this example, because we have a mixture of first and second class constraints it is more 
convenient to convert them directly in the mixture, i.e. we need to find additional variables 
which give us all constraints of the first class. The discussion on conversion in mixture of 
first and second class constraints and references therein could be found in [87]. To apply 
conversion covariantly in three dimensions orthogonal to membrane world-volume let us 
introduce new variables and P^^^ with [^"(cr), P^^\a')] — 5^(5((7 — a'). Thus, if we want 
to convert two second class constraints into the first class, counting of degrees of freedom 
tells us that we need only two extra variables but we added six. The resolution of this 
problem is that not all of the above new variables are independent and that is why we 
need to impose two extra first class constraints that removes four degrees of freedom. This 
procedure gives us two extra independent variables that we needed. It is convenient to 
proceed as follows. Let us define 

^ JSC" + p»+ = p» + p(«)«^ (5.164) 

X"- = X« - P"- = P" - p(^)«. (5.165) 
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Then the modified constraints (5.156) could be rewritten as the following first class con- 
straints 

k = P- + ^e„be^^+X'^+, (5.166) 

and they identically commute. Now we need two additional constraints that commute with 
every other constraint . It is possible to choose them in the form 

- P-X- = 0, P'+X+ + P-X'- = 0. (5.167) 

It is not unique but convenient choice. Now all the constraints (5.166) and (5.167) are of 
the first class. The BRST charge is given by the sum of the first class constraints multiphed 
by the corresponding ghosts plus contribution from commutators. 

This BRST charge describes theory equivalent to initial one not only on the classical but 
also on the quantum level. Fixing gauge ^ = and = gives initial theory. In some 
sense one can think that model before conversion was one with fixed gauge symmetries, 
which could be restored on the level of BRST invariant action. By the same way one can 
proceed for the first term in (5.153). 

In this example we see that even for the nonlinear case of membrane boundary it is possible 
to change variables to end up with commutative coordinates. This procedure is close to 
one in the end of previous subsection except that for the case of membrane, one of the 
constraints is of the first class and we were forced to have conversion directly in the mixture 
of two types of constraints. 

3. Non-cissociativity and string in non-constant B-field 

In this subsection we study string in nonconstant B-field. The action of the open string in 
non-constant B-field in linear order in if = dB where three-form H is covariantly constant 
is given by [167] (and references therein) where quantization of this model was considered 
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S=l- f dX-dX'g^b + l:B,b I edX-dX' + \h,,, f X^X'X"^. (5.168) 

In the decoupling limit, using gab — 0, the first kinetic term disappears and the string 
action is given by the Lagrangian 

L = BabX'^X"' + ^HabcX''X''X"'. (5.169) 

Momentum is given by 

Pa = BabX" - ^HabcX'X"^. (5.170) 

Constraints in this model are 

^a^Pa- BabX" + ^HabcX'X"'. (5.171) 

It is more convenient to start from the limit when Bab — '^bCahcX^- In this case Hahc — bcabc 
is constant. In the Lagrangian (5.169) two terms could be combined together to produce 
action that effectively could be rescaled to give 

S = J d'a^eabcX'^X'X"', (5.172) 

The momentum is given by 

Pa^—eabcX'X"^. (5.173) 

With constraints 



Pa + leabcX'X"^, (5.174) 



and Poisson brackets 
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2 



■6{a-a'). 



(5.175) 



We see that this model is equivalent to the one of membrane in decoupling limit. It 
is interesting to discuss this resemblance. It is also straightforward to show that non- 
associativity for the case of string in constant B-field is also could be removed as for the 
case of membrane. 

Therefore, two models, with commuting and with non-associative coordinates are equiva- 
lent not only on classical but also on quantum level. 

The quantization could be done using connection between BRST and Fedosov quantization 
as in [168] or by applying word-sheet approach of [167]. 

For the case of more general Bab a-nd constant Habc it is also possible to have a conversion. 

It is still not clear how to find spectrum of theory described by action (5.172). 

As we mentioned before, the action of the form (5.172) was also considered from point of 
view of membrane boundary in the case of membrane in decoupling limit in [147] 



The noncommutativity for higher D-branes was studied in [169] and references therein. 

Let us start from the boundary action of D4 brane ending on D6 brane, i.e. for the case 
of p = 6 of D(p-2) brane, i.e. p — 2 = 4 with 4-dimensional boundary: 



here we chose constant H field in the form Habcde = beabcde that could be generalized for 
other constant values of H. The coordinates of the boundary are {9,ai, ...as) and di is 
partial derivative in respect to i's space coordinates of the brane. 

The momentum is 



4. Noncommutative 4-brane: Hamiltonian analysis 




(5.176) 
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Pa = -beai,cdeX%X'd,X'^d2X%X\ (5.177) 

The constraints are 

= Pa + beabcdeX''diX''d2X%X\ (5.178) 

Poisson brackets for those constraints are given by 

iU^), M^')] = -2beabcdediX''d2X%X'S'{a - a'). (5.179) 

Those constraints are the mixture of the first and second class, but they could be covariantly 
separated into the three first class constraints 

PdiX^O, Pd2X^0, PdsX^O, (5.180) 
and two second class constraints 

PX = ^1, P2 ^ beabcdeP''X'diX'd2X%X' = ^2. (5.181) 

Then the noncommutativity appears on the level of Dirac brackets 

[X'^{a),X\a')]n = [X^,X'] - J da"[X^,<i',{a")]^[M'^"),X% (5.182) 
and explicitly using (5.177) 

[X'^{a),X\a')]u = ^^S{a - a'). (5.183) 

Using definition of momenta as in (5.177) the Dirac brackets could be rewritten only in 
terms of X's as 
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[X'(o),X\^)]n ^ -^.^ ^Ig^^l^^^rf ^i" - a'). (5.184) 

Last equations leads to higher-order non-associativity between brane boundary coordinates. 
As for the case of membrane in constant C-field, when Dirac brackets for coordinates 
produce nonassociativity, it could be transfered to the quantum level. Non-associativity 
could be also transfered to the quantum level in the framework of BRST quantization. 
Here we used Hamiltonian approach to extract nonassociativity for the 4-brane. On the 
other hand using properties of Hamiltonian systems it is possible to find equivalent (on 
classical and quantum level) system where all the constraints will be of the first kind and 
Dirac brackets will be automatically equal to zero. It leads to the fact that nonassociativity 
is not strict but rather removable that will be showed exactly for the case of p=4 and also 
could be applied for the p=6. 



5. Noncommutativity, non-associativity and WZW theory 

In this section we showed that, by appropriate change of variables and application of conver- 
sion, noncommutative string and membrane as well as higher D branes appear to be equiv- 
alent to ordinary ones. It is possible to argue that noncommutativity of string/membrane 
endpoints, appearing fundamental, is rather removable and depends on field content and 
change of variables. Not only conversion is doing its job, as for the case of string/membrane 
in decoupling limit, but also equivalence of two phase spaces without changing type of 
constraints is giving the same result. It is important to investigate the correspondence 
between noncommutative string and ordinary one from worldsheet point of view. It is not 
quite clear yet how this equivalence works for the product of vertex operators, which obey 
noncommutative algebra. 

Here we presented only analysis of bosonic part of theories. It is interesting to consider 
whole supersymmetric case extending approach of [160], [161], [162]. For supersymmetric 
case it is also important to understand situation on the level of supersymmetric solutions 
and Dp-Dq brane systems [170], [171]. 

Hamiltonian systems with boundaries were also extensively studied in [172] from the similar 
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point of view. In [173], [174] the different interpretation of boundary conditions as con- 
straints was considered. It is interesting to compare results coming from two approaches. 

It could be noted that membrane boundary string in decoupling limit and critical C- 
field should be not only tensionless but also does not have gravity in its spectrum. This 
situation is similar to a Little String Theory concept, see [175] and references therein. 
Usual world-sheet formulation of tensionless string [176] has kinetic term quadratic in 
fields together with null vectors. Worldsheet of such a string is a null surface. Sometimes 
in literature it is called null-string. Unfortunately this theory is anomalous and complete 
spectrum is not known yet. It could be interesting to assume that tensionless string could be 
described by equations of motion (5.156) and by Lagrangian (5.154). But because (5.154) 
describes membrane boundary in decoupling limit the mentioned above tensionless string 
does not contain graviton in its spectrum and its low energy limit is described by (2, 0) 
six-dimensional theory. Therefore there is a connection to Little String Theory. Modified 
system of the first class constraints (5.166) and (5.167) could be quantized in the BRST 
framework. It is straightforward to apply operator BRST quantization. It is interesting to 
find a spectrum of this model as well as build vertex operators and study this model from 
worldsheet point of view. On the other hand string in nonconstant B-field also leads to non- 
associativity, and in decoupling limit action for this string could be parametrized in such 
a way that it coincides with action of membrane in constant C-field. It is not surpsizing 
feature because double dimensional reduction of the membrane in C-field results in string 
in non-constant B-field and C-field is still constant. 

It is interesting study other nonlinear models which posses the same equations of motion 
as (5.160) and similar to the membrane in the decoupling limit. 

First of all, because action (5.154) coincides with Wess-Zumino term of the membrane it 
is useful to start from known nonlinear Wess-Zumino models in two dimensions. Let us 
consider Wess-Zumino term of SU (2) WZNW model. It is given by the action: 

Swz-wzNW = ^jdr j d^^g-'gg~h^"'d^gg-^d,g. (5.185) 
Using parametrization of SU{2) in terms of Euler's angles (t>,0,'^ it is possible to rewrite 
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(5.185) as 



Swz-wzNw = -r d^i^)^^"" sinOd^Od^ip. 




(5.186) 



At least for compact X"- it is possible to identify {4>, —cosd,'ip) with {X^, X^, X^) conse- 
quently. In this case WZ part of WZNW SU (2) model could be rewritten as 



and it is always possible to go to free-field realization of (5.187). This action gives the same 
equations of motion as (5.160). Thus, two models, string describing membrane endpoints 
on five-brane and Wess-Zumino part of SU (2) WZNW model, are equivalent on the level 
of equations of motion, but the actions are different. Therefore, it could be useful to find a 
connection, if any, between description of evolution of the boundary string on the surface 
of five-brane and topological part of SU{2) WZNW model at least for compact coordinates 
of membrane end-points. 




(5.187) 
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CHAPTER VI 
CONCLUSION 

In this work we have analyzed supersymmetry and its reahzations. The major part of the 
dissertation has focused on the Poincare superalgebra generahzed by the brane charges. We 
study the representations of this superalgebra applying the generalization of the Wigner 
method and generahzed mass-shell condition. This condition appears naturally in the 

model of supcrparticlc with branc charge coordinates which we have presented in this 
work. Usually, superalgebra with central charges contains massive multiplets only, which 
are called BPS multiplets, and they correspond to nonperturbative states in theory. One of 
the remarkable properties of generalized mass-shell condition is that it leads to existence 
of massive as well as massless representations. In this work we mostly concentrate on 
massless multiplets of superalgebra with brane charges. 

We also give perturbative field-theoretical interpretation of the massless states. The ap- 
plication of generalized Wigner methods shows that the multiplet shortening occurs even 
in the case of massless representations of the superalgebra with brane charges. We explore 
these ultra short multiplets first in four dimensions and then in D = 11. In eleven dimen- 
sions we show that there are other supermultiplets apart from supergravity multiplet. The 
interesting properties of these new supermultiplets in D = 11 is that each state is char- 
acterized not only by the value of the usual Casimir operators but also by new Casimir 
operators constructed from the two- and five- form charges. 

In this dissertation a superparticle realization of Poincare superalgebra with brane charges 
is presented. The superparticle model describes massless as well as massive particles. The 
symmetries of the superparticle model with brane charge coordinates is studied. In addition 
to global supersymmetry generated by the superalgebra with brane charges, there are new 
bosonic gauge symmetries. We also show that the superparticle action possesses kappa 
symmetry and reduces, in the limit of zero brane charges, to the ordinary Brink-Schwarz 
superparticle. The introduction of twistor variables in the form of generalized Penrose 
correspondence in arbitrary dimension is useful for understanding the generalized mass- 
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shell condition as well as the properties of the kappa symmetry. Interestingly, we show 
that different number of spinorial constituents in Penrose decomposition corresponds to 
either massive or massless superparticle models. 

To proceed with quantization of massive/massless superparticle with brane charge coor- 
dinates we have used the twistorial formulation of the superparticle and analyzed the 
constraint system of this model. We have shown that the constraint system is a mixture 
of the first and second class constraints. Those constraints could not be separated covari- 
antly, and we apply conversion procedure directly in the mixture of first and second class 
constraints. In this procedure, we extend the phase space of the theory by introducing new 
variables which enable us to produce a system of first class constraints only. We show that 
the model described by these converted first class constraints is equivalent to the initial 
one not only at the classical but also at the quantum level. Using Dirac quantization of 
massive/massless superparticle with brane charge coordinates we have found the spectrum 
of a linearized supersymmetric field theory. We have focused on the quantization in D — 4, 
where we have obtained not only the spectrum but also the linearized equations of motion. 
However, we have also discussed the generalization of the quantization procedure to eleven 
dimensional case. In eleven dimensions the Poincare superalgebra with brane charges coin- 
cides with M-theory superalgebra and superparticle with brane charge coordinates realizes 
this algebra. The quantization produces a spectrum of a eleven dimensional linearized 
supersymmetric field theory. In this work we have discussed possible connection between 
particle spectrum and spectrum of linearized perturbative M-theory. 

We also investigate the higher dimensional unification of Type IIA/B and heterotic su- 
peralgebras. We have shown that the unification is possible starting from a superalgebra 
with brane charges in D>11. The multi-particle realization of the nonlinear deformed 
superalgebra in dimensions beyond eleven with more then one timelike directions is also 
presented. The introduction of super Yang-Mills background into the multi-superparticle 
action is considered. We also discuss superstring models in D>11. 

In addition to the superparticle, we have also studied higher branes using superembedding 
approach. In this approach both worldvolume of the p-brane and the target space are 
supermanifolds. We have applied superembedding approach to construct the equations of 
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motions and an action for a new class of branes, called L-branes. The L-branes have linear 
multiplet on their worldvolume which includes higher rank p-form. The action we have 
found for the L-brane generalizes the Born-Infeld type action. 

In this dissertation we have applied BRST/Hamiltonian methods to study properties of 
strings and membranes in background fields. For the case of string in constant B-field, the 
application of the conversion procedure has given a stringy origin of the Seiberg-Witten 
map between noncommutative and ordinary field theory which appears in the low energy 
limit of string theory. 
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APPENDIX A 

PROPERTIES OF SPINORS AND 7-MATRICES IN ARBITRARY DIMENSIONS 

Here we collect the properties of spinors and Dirac 7-matrices in (s, n) dimensions where 
s{n) are the number of space(time) coordinates. The Clifford algebra is {7^, ■j^} = 2r}^,^, 
where 77^,^ has the signature in which the time-like directions are negative and the space- 
like directions positive. The possible reahty conditions on spinors are listed in Table 1, 
where M, PM, SM, PSM stand for Majorana, pseudo Majorana, symplectic majorana and 
pseudo symplectic Majorana, respectively [64, 177] ^ (see below). An additional chirality 
condition can be imposed for s — n = mod 4. 

The symmetry properties of the charge conjugation matrix C and {'y^C)ai3 are listed in 
Table 2. The sign factors eo and ei arise in the relations 

C^ = eoC, {^^^Cf = e^i^C) . (A.l) 

This information is sufficient to deduce the symmetry of {'y^'^"'^''C)ai3 for any p, since the 
symmetry property alternates for p mod 2. In any dimension with n times, one finds 

(^mi-MpC')T ^ (^mi-mpC-) ^ = erf+'' (-l)(f-")(f-"-i)/2 , (A.2) 

where 77 is a sign factor. Note that e„ = e and e„_i = —er). All possible values of {n, s,p) 
in which Sp — +1, i.e. the values of p for which ^>^'^'"I^pC is symmetric (the antisymmetric 
ones occur for mod 4 complements p) are listed in Table 3. Other useful formulae are: 

7J = (-l)'^ 77 C-\C , 7; = vBi.B-' , 7I = (-l)MC^A-^ . (A.3) 

^Corrections to formulae in p. 5&6 of [177]: (a) Change eq. (2) to: (r'^^^)^ = 
( — l)*^*^*)*^*^*^-*^)/^ (our n here is denoted by t in [177]), (b) eq. (3) should read Pj^ = 
(— l)*yir^/l~^, (c) change the last formula in eq. (5) to B = CA, (d) multiply eq. (6) with 
e on the right hand side, (e) the prefactor in eq. (8) should be 2~['^/^l, (f) interchange the 
indices and U2 in the last term of eq. (9). Note that here we have let C — > C"^ relative 
to [177]. 



168 



We can choose A — 7o7i---7n-i- Note that A — BC. The chirahty matrix in even 
dimensions d can be defined as 

7rf+i = ±(-l)(--)(— 7o7i • • • Td-i , {id+if = 1 ■ (A.4) 

We can choose the sign in the first equation such that the overall factor in front is +1 or 
+i. Using the matrix we can express the reality conditions on a (pseudo) Majorana 
spinor ■0* = and a (pseudo)symplectic Majorona spinor as = Q^^Bt/jj, where 

is a constant antisymmetric matrix satisfying QijQ^'^ — —S^ and the index i labels a 
pseudo-real representation of a given Lie algebra which admits such a representation (e.g. 
the fundamental representations of Sp{n) and £'7). 



Table 1: Spinor types in (s, n) dimensions 



e 


V 


(s — n) mod 8 


Spinor Type 


+ 


+ 


0,1,2 


M 


+ 




6,7,8 


PM 




+ 


4,5,6 


SM 






2,3,4 


PSM 
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Table 2: Symmetries of C and in {s,n) 

dimensions 



n mod 1 




ri 





+e 


+er] 


1 


—erj 


+e 


2 


— e 


— 61] 


3 


+e?7 


—e 



Table 3: Symmetric (7^i"'^''C) m dimen- 
sions. In bold cases, an eoctra Weyl condition is 
possible. 



n mod 4 


s mod 8 


p mod 4 


n morf 4 


s mod 8 


p mod 4 


1 


1,2,3 


1,2 


3 


3,4,5 


3,4 




1,7,8 


1,4 




3,1,2 


3,2 




5,6,7 


3,4 




7,8,1 


1,2 




5,3,4 


3,2 




7,5,6 


1,4 


2 


2,3,4 


2,3 


4 


4,5,6 


4,1 




2,8,1 


2,1 




4,2,3 


4,3 




6,7,8 


4,1 




8,1,2 


2,3 




6,4,5 


4,3 




8,6,7 


2,1 
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APPENDIX B 



SUPERSPACE CONVENTIONS 



D=9 ^ d=6 

The superembeddings studied in this note are taken to break half of the original target 
space supersymmetries. This implies that the worldvolume of a brane has | the number 
of fermionic coordinates of the target space. In the example of the L5-brane this means 
that the target space M has 9 bosonic and 16 fermionic coordinates while the worldvolume 
of the brane M has 6 bosonic and 8 fermionic coordinates. To study the embedding in 
more detail it is convenient to split the 9-dimensional 7-matrices in a way that reflects the 
embedding, i.e. S0{1,8) 50(1,5) x SU{2), as follows: 

in J = \ , V 

V / 

(5J \ 

r'k^ = (7"')..-- (B.l) 

The 9-dimensional charge conjugation matrix Cap is given by 





(B.2) 

The conventions for the spinors are chosen such that 9-dimensional spinors are pseudo- 
Majorana while 6-dimensional spinors are chosen to be symplectic Majorana-Weyl. This 
implies that 



(B.3) 
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5'C/(2)-indices can be raised and lowered with e^- using the convention that Aj = X^Cji. A 
useful equation for manipulations of SU{2) 7-matrices is 

{Y')jk{'yc')ii = eijCki + €jieik. (B.4) 
The conversion between spinor and Lorentz indices is governed by 



^/ = ^5/(7''^)/i^6c + Sp-^Kj, (B.5) 

and 



= -i(7')/3.(7'^')/i^6c'. (B.6) 



D=8 ^ d=5 

(Cap 



-Ca, 



5/' 



-(7")"/3, 



V'a^<! (B.9) 

D=7 ^ d=4 



, -Ca/3 

<^a/3 = e.. , , (B.IO) 

C"^ 
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-SJ, 
(7")/' 

in J = V I _ ^ 1 , (B.ii) 



^a^{ }. (B.12) 



Our conventions for superforms are as follows. Gauge potentials Ag are defined by 

Ag = ^dz^^ . . . dz^'AM,...M, (B.13) 

and field strengths by 

= J^^d^""''^'' ■ ■ ■ dz^^FM,...M,,,,y (B.14) 

Wedge products between forms are understood. The exterior derivative d acting on a 
g'-form p we define by 

dp = . . . dz'''dM,PM,...M^,^,, (B.15) 
and the interior product iy by 

i,p = qdz^" . . . dz^'v^'pM,...M^,^,y (B.16) 
Both act from the right on products of forms, i.e. 

d{ujp) = uj{dp) + {~iy{duj)p (B.17) 

and 
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i^iujp) = uj{i^p) + {-iy{i^uj)p (B.18) 



where a; is a p-form and p is a g-form. 



